
Chapter 1
Introduction

1.1 Iterative Learning Control—Why and How

Learning is a basic skill of human being so that we can survive against the severe
environments in the ancient times. Learning also helps us behave better and better in
our daily lives andwork nowadays. Through the learning process,we can improve our
behavior by utilizing the experience from previous executions. Take the basketball
shooting from a fixed point as an example. For the first shot, the shooter may fail to
hit the basket and even the basketball may be far away from hitting. Nevertheless, the
shooter would learn how the final behavior is and how he/she should do in the next
shot. Thus, as the number of attempts increases, the shooter is able to increase the hit
ratio since he/she may adjust the angle and speed to reduce the shooting deviation
shot by shot. Such learning scenes are very common in our daily lives, for examples,
we learn to speak, to write, and to drive, all by repeating. That is why we believe
learning is a basic skill of human being.

Then, one is interested in whether such basic skill, i.e., learning, could be intro-
duced to the design of automatic control so that the machine can own certain ability
of learning. The answer is yes. As a matter of fact, this basic cognition motivates the
introduction and developments of a novel learning control method, iterative learning
control (ILC). Before proceeding to the formal formulation of ILC, let us first recall
some observations on the learning process of human being. In order to learn from
experience, repetition is a fundamental requirement of the process. That is, the learn-
ing objective should be kept the same in different iterations when we are learning;
otherwise, the learning experience is difficult to be applied to a new task. Besides, a
repeatable learning process provides us the space for asymptotical improvement so
that we could continuously perfect our performance. In short, repetition is closely
connected with learning.

When considering the control method where the idea of learning is involved,
such repetition requirement is also reserved. As to ILC, it is designed for the sys-
tems that are able to complete certain task over a fixed time interval and perform
them repeatedly. In such systems, the input and output information of past itera-
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2 1 Introduction

tions/cycles/batches,1 as well as the tracking objective, are used to formulate the
input signal for the next iteration/cycle/batch, so that the tracking performance can
be improved as the iteration number increases to infinity.

Thus, ILC has the following features: (1) the system can complete a task in a finite
time interval, (2) the system can be reset to the same initial value, and (3) the tracking
objective is iteration-invariant. We give a brief explanation for such features. First
of all, the feature of finite operation length is a specified character for ILC, which
is satisfied in many practical applications such as the production line automation
and pick and place robot. If such feature is removed, i.e., the system would keep
running along the time axis, certain learning mechanisms may be applicable if the
system dynamics is periodic. Moreover, from the generic requirement of repetition,
the resetting condition, i.e., the second feature, is a natural but specific formulation
of ILC. Meanwhile, it is also a major criticizing point on ILC for practical appli-
cations. In the past three decades, such condition has attracted much attention and
much literature has been published to relax it. Last but not least, the invariance of
tracking objective is also a specific formulation of repetition. Noticing that the human
being could apply the knowledge learned from other target to a new target but with
similarities, we also expect such feature to be relaxed to the iteration-varying case.
This issue has been addressed in many existing papers.

The main concept of ILC is shown in Fig. 1.1, where yd denotes the reference
trajectory. At the kth iteration, the input uk is fed to the plant so that the corresponding
output is yk and the tracking error is ek = yd − yk . This is a causal process. Since the
tracking error ek is nonzero, implying that the input uk is not good enough, we will
make an improvement to the input in the next iteration (i.e., the (k + 1)th iteration).
The specific construction for the improvement actually is a function of uk and ek ,
although it is usually specified as a linear combination. In other words, the input uk+1

for the (k + 1)th iteration is generated before the running of the (k + 1)th iteration.
Then, the newly generated input is fed to the plant for the next iteration. Meanwhile,
the input uk+1 is also stored in the memory for updating the input for the (k + 2)th
iteration. As a result, a closed-loop feedback is formed along the iteration axis.

By comparing ILC with our daily lives, we find that the previous information
on inputs and outputs of the plant corresponds to the experiences accumulated in
our daily lives. Persons usually decide a strategy for a given task based on previous
experiences, while the strategy here corresponds to the input signal of ILC. Note that
the previous experiences would help us to improve our behavior; thus, it is reasonable
to believe that information on the previous operation may help improve the control
performance to some extent.

The major advantage of ILC is that the design of control laws mainly requires the
tracking references and input/output signals. In other words, little information about
the plant is required and the system matrices may even be completely unknown.
However, the algorithm is simple and effective.

1When we refer one operation process, the terminologies iteration, cycle, and batch are equivalent
to each other.
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Fig. 1.1 Framework of ILC

It is important to note that ILC adjusts the control along the iteration index rather
than the time index, which is the main difference with other control methods such as
proportional–integral–derivative (PID) control. PIDcontrol is awidely used feedback
control. However, for repetitive systems, PID generates the same tracking error for
all iterations since no previous information is used, whereas ILC reduces the tracking
error iteration by iteration. Additionally, ILC differs from adaptive control, which
also learns from previous operation information. Adaptive control aims to adjust the
parameter of a structure-fixed controller, while ILC aims to construct the input signal
directly.

The concept of ILCmay be traced back to a paper published in 1978 by Uchiyama
[1]. However, this paper failed to attract widespread attention as it was written in
Japanese. Three papers that were published in 1984 [2–4] resulted in the further
research on ILC. Subsequently, large amounts of literature have been published on
various related issues, such as researchmonographs [5–9], surveypapers [10–12], and
special issues of academic journals [13–16]. ILC has recently become an important
branch of intelligent control, and its use is widespread in many practical applications
such as robotics [17–20], hard disk drives [21, 22], and industrial processes [23, 24].

1.2 Basic Formulation of ILC

We now present a basic formulation of ILC, followed by some traditional conver-
gence results. Note that computer has been widely applied in the control of practical
systems, where the sampled control systems or equivalently discrete-time systems
are investigated. Moreover, this monograph concentrates on the discrete-time sys-
tem. Thus, we first present the discrete-time case and then give the continuous-time
counterpart briefly.

1.2.1 Discrete-Time Case

Consider the following discrete-time linear time-invariant system:

xk(t + 1) = Axk(t) + Buk(t),

yk(t) = Cxk(t),
(1.1)
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where x ∈ Rn , u ∈ Rp, and y ∈ Rq denote the system state, input, and output,
respectively. Matrices A, B, andC are systemmatrices with appropriate dimensions.
t denotes an arbitrary time instant in an operation iteration, t = 0, 1, . . . , N , where
N is the length of the operation iteration. For simplicity, t ∈ [0, N ] is used in the
following. k = 0, 1, 2, . . . denote different iterations.

Since it is required that a given tracking task should be repeated, the initial state
needs to be reset at each iteration. The following is a basic reset condition, called
identical initialization condition (i.i.c.), which has been used in many publications:

xk(0) = x0, ∀k. (1.2)

The reference trajectory is denoted by yd(t), t ∈ [0, N ]. With regard to the reset
condition, it is usually required that yd(0) = y0 � Cx0. The control purpose of ILC
is to design a proper update law for the input uk(t), so that the corresponding output
yk(t) can track yd(t) as closely as possible. To this end, for any t in [0, N ], we define
the tracking error as

ek(t) = yd(t) − yk(t). (1.3)

Then, the update law is a function of uk(t) and ek(t) to generate uk+1(t), whose
general form is as follows:

uk+1(t) = h(uk(·), · · · , u0(·), ek(·), · · · , e0(·)). (1.4)

When the above relationship depends only on the last iteration, it is called first-order
ILC update law; otherwise, it is called high-order ILC update law. Generally, to
achieve the algorithm simplicity, most update laws are first-order laws, i.e.,

uk+1(t) = h(uk(·), ek(·)). (1.5)

Additionally, the update law is usually linear. The simplest update law is as follows:

uk+1(t) = uk(t) + Kek(t + 1), (1.6)

where K is the learning gain matrix, which is also the designed parameter. In (1.6),
uk(t) is the input of the current iteration, while Kek(t+1) is the innovation term. The
update law (1.6) is called P-type ILC update law. If the innovation term is replaced
by K (ek(t + 1) − ek(t)), the update law is called D-type.

For system (1.1) and update law (1.6), a basic convergence condition is that K
satisfies

‖I − CBK‖ < 1. (1.7)

Then, one has ‖ek(t)‖ −−−→
k→∞ 0, where ‖ · ‖ denotes the matrix or vector norm.

From this condition, one can deduce that the design of K needs no information
with regard to the system matrix A, but requires information of the coupling matrix
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CB only. This fact illustrates the advantage of ILC from the perspective that ILC has
little dependence on the system information. Thus, ILC can handle tracking problems
that have more uncertainties.

Remark 1.1 From the formulation of ILC, one can see that themodel takes the classic
features of a 2D system. That is, the system dynamics (1.1) and the update law (1.6)
evolve along the time and iteration axes, respectively. Many researchers have made
contributions from this point of view, and developed a 2D system-based approach,
which is one of the principal techniques for ILC design and analysis.

Note that the operation length is limited by N and is then repeated multiple times.
Thus, one could use the so-called lifting technique for discrete-time systems, which
implies lifting all of the inputs and outputs as supervectors,

Uk = [uT
k (0), uT

k (1), · · · , uT
k (N − 1)]T , (1.8)

Yk = [yTk (1), yTk (2), · · · , yTk (N )]T . (1.9)

Denote

G =

⎡
⎢⎢⎢⎣

CB 0 0 · · · 0
CAB CB 0 · · · 0

...
...

...
. . .

...

CAN−1B CAN−2B · · · · · · CB

⎤
⎥⎥⎥⎦ , (1.10)

then, one has
Yk = GUk + d, (1.11)

where
d = [(CAx0)

T , (CA2x0)
T , . . . , (CAN x0)

T ]T . (1.12)

Similar to (1.8) and (1.9), define

Yd = [yTd (1), yTd (2), · · · , yTd (N )]T ,

Ek = [eTk (1), eTk (2), · · · , eTk (N )]T ,

then it leads to
Uk+1 = Uk + KEk, (1.13)

where K = diag{K , K , · · · , K }. By simple calculation, one has

Ek+1 =Yd − Yk+1 = Yd − GUk+1 − d

=Yd − GUk − GKEk − d

=Ek − GKEk

=(I − GK)Ek .
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Therefore, we obtain a condition (1.7) that is sufficient to guarantee the convergence
of ILC. Actually, the lifting technique not only helps us to obtain the convergence
condition but also provides us with an intrinsic understanding of ILC. In the lifted
model (1.11), the evolutionary process of an operation iteration has been integrated
into G, whereas the relationship between adjacent iterations is highlighted. That is,
the lifted model (1.11) depends on the k-axis only.

Remark 1.2 Note that the focus of ILC is how to improve the tracking performance
gradually along the iteration axis, as one can see from the design of the update law
(1.13) and lifted model (1.11). Therefore, it would not cause additional difficulties
when the system is extended from the linear time-invariant case to the linear time-
varying case. This is because, for any fixed time, the updating process along the
iteration axis is a time-invariant case.

It is usually assumed that the reference trajectory yd(t) is realizable. That is, there
exists an appropriate initial state x0 and input ud(t) such that the expression (1.1) still
holds with k replaced by d. In other words, Yd = GUd + d, whereUd is defined in a
similar manner of (1.8). Then, the discussion that the system output converges to the
reference trajectory, i.e., limk→∞ Yk = Yd , becomes one that the system input con-
verges to the objective input, i.e., limk→∞ Uk = Ud . For the system with stochastic
noises, this transformation is more convenient for convergence analysis.

Remark 1.3 One may be interested in the case that the reference trajectory is not
realizable. In other words, there is no control input producing the reference trajec-
tory; thus, entirely accurate tracking is impossible. Then, the design objective of
the ILC algorithm is no longer to guarantee asymptotically accurate tracking, but to
converge to the nearest trajectory of the given reference. Consequently, the tracking
problem has become an optimization problem. On the other hand, from the point of
view of practical applications, the reference trajectory is usually realizable; thus, the
assumption is not rigorous.

1.2.2 Continuous-Time Case

Let us consider the following linear continuous-time system:

ẋk(t) = Axk(t) + Buk(t),

yk(t) = Cxk(t),
(1.14)

where the notations have similar meaning to the discrete-time formulation.
The control task is to servo the output yk to track the desired reference yd on a

fixed time interval t ∈ [0, T ] as the iteration number k increases. If the system has
relative degree one, an ILC scheme of Arimoto-type can be given as

uk+1 = uk + Γ ėk, (1.15)
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where ek(t) = yd(t) − yk(t) and Γ is the diagonal learning gain matrix. Similarly,
if the learning gain matrix satisfies

‖I − CBΓ ‖ < 1, (1.16)

then the control purpose is ensured, i.e., limk→∞ yk(t) → yd(t). Note that the basic
formula for selecting the learning gain matrix given in (1.16) requires no information
about the system matrix A, which implies that ILC can be effective for model-
uncertain systems.

Moreover, a “PID-like” update law can be formulated as

uk+1 = uk + Φek + Γ ėk + Ψ

∫
ekdt, (1.17)

where Φ, Γ , and Ψ are learning gain matrices. The high-order PID-like update law
can be formulated as

uk+1 =
n∑

i=1

(I−Λ)Piuk+1−i+Λu0+
n∑

i=1

(
Φi ek+1−i + Γi ėk+1−i + Ψi

∫
ek+1−idt

)
,

(1.18)
where

∑n
i=1 Pi = I .

1.3 ILC with Random Data Dropouts

We first provide three common models of data dropouts and detail the differences
among the models. Throughout this monograph, the data dropout occurring or not
can be regarded as a switch that opens and closes the network in a random manner.
It is denoted by a random variable γk(t). Therefore, there are two possible states of
the variable γk(t). Specifically, we let γk(t) be equal to 1 if the corresponding data
packet is successfully transmitted, and let γk(t) be equal to 0 otherwise.

Generally, we have the following three most common models of data dropouts.

• Random sequence model (RSM): For each t , the measurement packet loss is ran-
dom without obeying any certain probability distribution, but there is a positive
integer K ≥ 1 such that at least in one iteration the measurement is successfully
sent back during the successive K iterations.

• Bernoulli variable model (BVM): The random variable γk(t) is independent for
different time instant t and iteration number k. Moreover, γk(t) obeys a Bernoulli
distribution with

P(γk(t) = 1) = γ , P(γk(t) = 0) = 1 − γ , (1.19)

where γ = Eγk(t) with 0 < γ < 1.
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Fig. 1.2 Illustration of the RSM

• Markov chain model (MCM): The random variable γk(t) is independent for differ-
ent time instant t . Moreover, for each t , the evolution of γk(t) along the iteration
axis follows a two-state Markov chain, of which the probability transition matrix
is

P =
[
P11 P10
P01 P00

]
=

[
μ 1 − μ

1 − ν ν

]
(1.20)

with 0 < μ, ν < 1, where P11 = P(γk+1(t) = 1 | γk(t) = 1), P10 = P(γk+1(t) =
0 | γk(t) = 1), P01 = P(γk+1(t) = 1 | γk(t) = 0), P00 = P(γk+1(t) = 0 |
γk(t) = 0).

Remark 1.4 The RSM is illustrated in Fig. 1.2 where a horizontal bar denotes an
iteration process. In any bar, the white rectangle and light gold rectangle denote the
lost packet and successfully transmitted packet, respectively. The gray part of each
horizontal bar denotes the omission part. The RSM implies that, for arbitrary time
instant t , the corresponding output information can be received at least once for any
successive K iterations. As shown in Fig. 1.2, we take K = 5 for example. It is seen
that there is at least one colored rectangle for any successive K horizontal bars and for
any time instant. Moreover, this model can be formulated using the random variable
γk(t) as follows: for each t ,

∑K−1
i=0 γk+i (t) ≥ 1 for all k ≥ 1. It is worth pointing

out that we only require the existence of the number K rather than its specific value;
that is, the number K is not necessary to be known prior and it is not involved in the
design of ILC update law later. In fact, this model means that the output information
should not be lost toomuch to ensure the learning ability in a somewhat deterministic
point of view.

Remark 1.5 The number K of the RSM indicates that the maximum length of suc-
cessive data dropouts is K − 1. Thus, the case K = 1 means no data dropout
occurring, while the case K = 2 means no successive data dropout occurring for any
two subsequent iterations. Moreover, the value of the successive iteration number K
is a reflection of the rate of data dropouts. However, it is not equivalent to the data
dropout rate (DDR), which can be formulated as limn→∞ 1/n×[∑n

k=1

(
1 − γk(t)

)]
.
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In fact, DDR denotes the average level of data dropouts along the iteration axis, while
K implies the worst case of successive data dropouts. In other words, a larger K usu-
ally corresponds to a higher DDR, while a smaller K usually corresponds to a lower
DDR. But the connection between K and DDR is not necessarily to be positively
related.

Remark 1.6 The mathematical expectation γ of the BVM is closely related to
the DDR in the light of the law of large numbers; that is, DDR is equal to
1 − γ . Specifically, the data dropout is independent along the iteration axis, thus,
limn→∞ 1/n × [∑n

k=1

(
1 − γk(t)

)] = 1 − Eγk(t) = 1 − γ . If γ = 0, implying that
the network is completely broken down, then no information can be received from
the plant, and thus no algorithm can be applied to improve the tracking performance.
If γ = 1, implying that no data dropout occurs, then the framework converts into the
classical ILC problem. In this monograph, we simply assume 0 < γ < 1. Moreover,
the statistics property of γk(t) is assumed to be identical for different time instants
for concise expression. The extension to the time-dependent case, i.e., the case that
Eγk(t) = γ t , is straightforward without additional efforts.

Remark 1.7 The MCM is general for modeling the data dropouts. The transition
probabilities μ and ν denote average levels of retaining the same state for successful
transmission and loss, respectively. If μ + ν = 1, then MCM converts into BVM.
That is, BVM is a special case of MCM. It is worth pointing out that all the three
models are widely investigated in the field of networked control systems, such as
[25] for RSM, [26] for BVM, and [27] for MCM.

Remark 1.8 In this remark, we comment the differences among the three models.
RSM differs from both BVM and MCM as it requires no probability distribution or
statistics property of the randomvariable γk(t). However, RSMpays the price that the
successive data dropouts length is bounded comparing with BVMandMCM. Specif-
ically, both BVMandMCMadmit arbitrary successive data dropouts associated with
a suitable occurring probability. Consequently, RSM cannot cover BVM/MCM and
vice versa. It should be pointed out that RSM implies that the data dropout is not
totally stochastic. Moreover, the difference between BVM andMCM lies in the point
that the data dropout occurs independently along the iteration axis for BVM, while
dependently forMCM. The independence of data dropout admits some specific com-
putations such asmean and variance, and then derives the convergence analysis. Such
technique is not applicable for MCM.

Next, we give a brief literature review on ILC for systems with random data
dropouts and classify the contributions of the existing papers from three aspects,
namely, random data dropout models, data dropouts positions, and the convergence
meaning. From these three dimensions, we can get a comprehensive picture view of
the state of the art.
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1.3.1 Data Dropout Models

The most popular model for the data dropout should go to BVM. In this model,
the random variable takes the value 1 with success probability γ and the value 0
with failure probability 1− γ . Besides, the data dropouts for different packets occur
independently. In other words, this model has a clear probability distribution and
good independence. Therefore, it is widely used in many existing papers addressing
data dropout topic. Most ILC papers adopt this model [28–41] with/without extra
requirements on data dropouts.

There are a few ILC papers dropping this model. In [42], the authors contributed
to give an elaborate investigation of the effect of data dropouts. Thus, the authors
mainly considered the case that only a single packet was lost during the transmission
and provided a specific derivation for the effect on the input error and tracking
performance. As to the multiple packet loss case, a general discussion was given
instead of strict analysis and description. Specifically, the authors claimed that the
data dropout level should be far smaller than 100% to ensure a satisfied tracking
performance.

The papers [43, 44] provided RSM for data dropouts. Specifically, the sequence
of the data dropout variables along the iteration axis was not assumed to be with
any specific probability distribution. In other words, the statistical property of the
data dropouts can vary along the iteration axis. Thus, the steady distribution in the
Bernoulli model is removed. However, in order to ensure an asymptotical conver-
gence of the input sequence, an additional requirement was imposed to the data
dropout model in [43, 44] that there should exist a sufficiently large number K such
that during any successive K iterations, at least one data dropout variable takes value
1. In other words, the data should be successfully transmitted from time to time.

There is another model for data dropouts, MCM, which has been used in some
papers addressing other control strategies. In this model, the data dropouts have some
dependence on the previous event. That is, the loss or not of the current packet would
affect the probability of successful transmission for the next packet. In the ILC under
data dropouts, this model has been discussed in very few papers.

1.3.2 Data Dropout Positions

In the networked ILC, the plant and the learning controller are separated in different
sites and communicate with each other through wired/wireless networks. Thus, there
are two channels connecting the plant and the learning controller. One is at the
measurement side to transmit the measured output information back to the learning
controller. The other one is at the actuator side to transmit the generated input signal
to the plant so that the operation process can continuously run.

When considering the data dropouts problem for ILC, the position at which data
dropout occurs is usually assumed to be the measurement side. In other words, only
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the network at the measurement side is assumed to be lossy and the network at the
actuator side is assumed to work well in most papers such as [28–31, 33, 34, 37–40,
43, 44]. In these papers, the generated input signal can be always sent to the plant
without any loss. Although some papers claimed that their results can be extended
to the general case where both the networks at the measurement and actuator sides
suffered random data dropouts, it is actually not a trivial extension.

Specifically, when the network at the measurement side suffers random data
dropouts, the output signal of the plant may or may not be successfully transmitted.
One simple mechanism for treating the measured data is as follows: if the measured
output is successfully transmitted, then the learning controller would employ such
information for updating; if the measured output is lost during the transmission, then
the learning controller would stop updating until the corresponding output informa-
tion is successfully transmitted. One may find that the lost data is simply replaced by
0 in this mechanism. For the case that data dropout occurs only at the measurement
side, such simple mechanism is sufficient to ensure the learning process as long as
the network is not completely broken down. However, when considering the data
dropout at the actuator side, it is clear that the lost input signal cannot be simply
replaced by 0 as it would greatly damage the tracking performance. That is, if the
network at the actuator side suffers data dropouts, the lost input signal must be com-
pensated with a suitable packet to maintain the operation process of the plant. This
observation motivates the investigation on compensation mechanisms for the lost
data [32, 35, 36, 42].

In [42], the authors gave an earlier attempt on compensating the lost data. When
one packet of the input signal is lost at the actuator side, the one-time-instant ahead
input signal is applied to compensate the lost one. That is, if the input at time instant
t is lost, it would be compensated with the input at time instant t − 1. When one
packet of the output signal is lost at the measurement side, a similar compensation
mechanism is applied. It is worth noting that the data dropouts at the measurement
side and actuator side are separately discussed in [42]. Moreover, this mechanism
was then adopted by [32] for a Bernoulli model of random data dropouts occurring
at both the measurement and actuator sides simultaneously. We should emphasize
that, as a natural consequence, the data at adjacent time instants of the same iteration
cannot be dropped simultaneously due to the inherent compensation requirement.
Another compensation mechanism is to apply the corresponding data from the last
iteration as shown in [35, 36]. That is, if the data packet at the kth iteration is lost
during the transmission, it is compensated with the packet at the (k − 1)th iteration
with the same time instant label. In such assumption, the successive data dropouts
along the time axis are allowed; however, it restricts that there was no simultaneous
data dropout at the same time instant across any two adjacent iterations. In other
words, no successive data dropouts along the iteration axis are allowed.

In short, the contributions in [32, 35, 36, 42] show that the newly introduced com-
pensation mechanisms impose additional limitations on the data dropout models. In
fact, the inherent difficulty of convergence analysis lies in the asynchronism between
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the computed input of the learning controller and the actual input fed to the plant.
A recent paper [41] solved this problem according to the Bernoulli model allowing
successive data dropouts along both time and iteration axes and provided a simple
compensation mechanism with the iteration-latest available packet.

1.3.3 Convergence Meanings

In this subsection, we review the analysis techniques and the related convergence
results, especially the convergence meanings in consideration of the randomness of
data dropouts besides optional stochastic noises.

Ahn et al. provided earlier attempts to the ILC for linear systems in the presence
of data dropouts [28–30]. The Kalman filtering based technique, which was first
proposed by Saab in [45], was applied and thus the mean square convergence of the
input sequence was obtained. The main difference among the papers [28–30] lies in
the position where data dropouts occur. Specifically, in the first paper [28], the output
vector was assumed to be lossy, and in [29] this assumption was relaxed to the case
only partial dimensions of the output may suffer data dropouts. Last, in [30], the
data dropouts at both the measurement and actuator sides were taken into account. In
short, the Kalman filtering based technique was deeply investigated in these papers.

Bu et al. gave some different angles to solve this problem in [31–34]. In [31],
the exponential stable result of asynchronous dynamical systems [46] was referred
to establish the convergence condition of ILC under data dropouts. As a result, the
randomness of data dropouts was not involved in the analysis steps. In [32], such
randomness was eliminated from the recursion by taking mathematical expectation,
thus the algorithmwas converted into deterministic type and then the design and anal-
ysis of the convergence followed the conventional way. Therefore, the convergence
was clear in the mathematical expectation sense. In [33], a new H-∞ framework was
defined along the iteration axis and then the related control problemwas solved in the
newly defined framework. That is, the kernel objective was to satisfy an H-∞ perfor-
mance index in themean square sense. An LMI design condition for the learning gain
matrix was also provided. In [34], the widely used 2D system approach was revisited
to deal with data dropouts. A mean square asymptotically stable result was obtained
and the design condition for the learning gain matrix was solved through LMI tech-
niques. In short, the evolution dynamics along the iteration axis was carefully studied
and related techniques are applied for the design and analysis of ILC.

There are several scattered results on this topic including [35–37, 42]. The paper
[42] proposed a detailed analysis of the effect of packet loss for the sampled ILC.
Specifically, a single packet loss at the measurement side and the actuator side was
evaluated separately to study the inherent influence of data dropout on the tracking
performance. In otherwords, a deterministic analysiswas given according to the input
error. The results in [42] revealed that neither contraction nor expansion occurred
for the input error if the corresponding packet was lost during the transmission.
Such technique was further exploited in [35] to study the general data dropout case.
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In [36], a mathematical expectation was taken to the recursive inequality of input
error to eliminate the randomness of data dropouts similar to [32] and then the
conventional contractionmappingmethodwas used to derive the convergence results.
Moreover, to construct an explicit contraction mapping, the conditions in [36] were
much conservative and it may be further relaxed. Similar techniques were also used
in [37] incorporated with the conventional λ-norm technique to derive a convergence
in mathematical expectation sense.

We mainly contribute the almost sure convergence results of ILC under data
dropouts environments. In [38], a simple case that the whole iteration was packed
and transmitted as a single packet was investigated by a switched system approach.
Specifically, the evolution along the iteration axis was formulated as a switched sys-
tem and the statistical properties were recursively computed. Then, the convergence
in the sense of expectation, mean square, and almost sure was established in turn.
In [43], based on stochastic approximation theory, the almost sure convergence of
the input sequence was proved for the case that the data dropouts were modeled by
a random sequence. This result was then extended to the unknown control direction
case in [44]. For the traditional Bernoulli model of data dropouts, the essential dif-
ficulty in obtaining the almost sure convergence lies in the random successive data
dropouts along the iteration axis. This problem was solved in [39] and [40] for linear
and nonlinear stochastic systems, respectively. We then proceeded to investigate the
general data dropouts at both measurement and actuator sides without any additional
requirements except the Bernoulli assumption in [41]. When data dropouts occur at
the actuator sides, there is a newly introduced asynchronism between the computed
control generated by the learning controller and the actual control fed to the plant.
Such asynchronism was characterized by a Markov chain in [41] and then the mean
square and almost sure convergence were established.

The recent progress on ILC in the presence of data dropouts is classified in
Table1.1 according to data dropout model, data dropout position, and convergence
meaning. From this table, we observe the following points:

• In most papers, the data dropout is modeled by the Bernoulli random variable,
whereas the results according to random sequence model are rather limited. More-
over, for the Markov chain model, few results have been reported.

• All the papers consider the data dropout occurring at the measurement side and
only a few papers address the case at the actuator side. As we have explained
above, the latter case would involve an essential influence on the controller design
and convergence analysis.

• The convergence meanings are scattered in different papers. Both mean square
and almost sure convergence imply the convergence of mathematical expectation
sense. However, they cannot imply each other according to the probability theory.
Thus, it is of interest to propose an in-depth framework for the design and analysis
of ILC in both senses simultaneously.
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Table 1.1 Classification of the papers on ILC under data dropouts

Refs. Model Position Convergence

RSM BVM MCM Measurement Actuator M.E. M.S. A.S. D.A.

[28] • • •
[29] • • •
[30] • • • •
[31] • • •
[32] • • • •
[33] • • •
[34] • • •
[35] • • • •
[36] • • • •
[37] • • •
[38] • • • • •
[39] • • •
[40] • • •
[41] • • • • •
[42] • • • •
[43] • • •
[44] • • •

RSM: random sequencemodel, BVM:Bernoulli variablemodel,MCM:Markov chainmodel,M.E.:
mathematical expectation, M.S.: mean square, A.S.: almost sure, D.A.: deterministic analysis

1.4 ILC with Other Incomplete Information

1.4.1 Communication Delay and Asynchronism

In ILC, very few papers have been published on the issue of communication delay
or communication asynchronism. A recent paper [36] considered this problem for
discrete-time systems, where a P-type networked ILC scheme was proposed. In the
scheme, the delayed data was compensated by the data from the previous iteration,
and as a result, successive delays along the iteration axis were not allowed. Based on
such assumption of the communication delay, a deterministic convergence analysis
was given in the paper following the conventional contraction mapping principle.
Indeed, the problem formulated in [36] can be transformed as an ILC problem with
data dropout, which has been briefed in the last section.

A general model of communication delay or communication asynchronism was
addressed in [47] for a large-scale system consisting of several subsystems, where
the communication among different subsystems suffered random and possibly asyn-
chronous communication delays. In particular, for large-scale systems, it is hard for
each subsystem to learn all information of the whole systemwhen generating control
signals; hence, decentralized control is more suitable. Due to potentially different



1.4 ILC with Other Incomplete Information 15

working efficiency values among subsystems, the control action may not be updated
for all subsystems at each iteration step. Therefore, the update of all subsystems
would introduce random asynchronism. We note that such problem can be solved
following a similar method for the data dropout problem described by a random
sequence model.

Time delay was widely investigated as it may reduce the performance of systems,
which has been reported in many traditional control methodologies. In ILC, some
results can be found in [48, 49]. However, the essence of ILC is to adjust the input
signal using the input and output information of previous iterations; thus, the repet-
itive information along the iteration axis would not significantly affect ILC. As is
well known, one of the main advantages of ILC is its reduced dependence on system
information; thus, unknown but fixed time delays would have no impact on control
performance since it could be regarded as a part of the information of the system.
This intuition was verified in [50], where a class of affine nonlinear systems with
time delays were studied. Generally, we believe that the random time delay would
make a significant effect on system performance. However, there is yet no complete
or explicit reply to this question. Thus, further explorations should bemade regarding
the basic influence of random time delays on ILC performance.

1.4.2 Iteration-Varying Lengths

In many practical applications, the inherent iteration-invariance is often violated due
to unknown uncertainties or unpredictable factors. In this subsection, we concentrate
on necessity of identical trial lengths, which have been found to be invalid in certain
biomedical application systems. For example, while applying ILC in a functional
electrical stimulation for upper limb movement and gait assistance, it has been seen
that the operation processes end early for at least the first few passes due to safety
considerations that the output may significantly deviate from the desired trajectory
[51]. The associated variable-trial-length problem is detailed in [52] and [53], which
clearly demonstrates the violation of the identical-trial-length assumption typically
used in ILC.

There were some early research attempts to provide a suitable design and analysis
framework for iteration-varying-length ILC that formed the groundwork for subse-
quent investigations [51–53]. For example, based on the experimental verifications
and primary analysis of the convergence property given in [51–53], a systematic
proof of the monotonic convergence in different norm senses was elaborated in [54]
for linear systems. In particular, the necessary and sufficient conditions for mono-
tonic convergence were discussed, as well as other issues including the controller
design guidelines and influence of disturbances. Most importantly, no specific for-
mulation of varying length was imposed in this framework. The first random model
of varying-length iterations was proposed in [55] for discrete-time systems, and it
was then extended to continuous-time systems in [56]. In these models, a stochastic
variable was used to represent the occurrence of the output at each time instant and
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iteration, and it was then multiplied with the tracking error, which denoted the actual
information of the updating process. To compensate for the information loss caused
by randomly varying trial lengths, an iteration-average operator of all historical data
was introduced to the ILC algorithm in [55], whereas in [56], this average operator
was replaced by an iteration-moving-average operator to reduce the influence of very
old data. Moreover, a lifted framework of ILC for a discrete-time linear system was
provided in [57] to avoid the conservatism of the conventional λ-norm-based analysis
in [55, 56]. We note that all of the contributions in [55–57] have two disadvantages:
(1) they only obtained asymptotical convergence with respect to the expected value,
which is a very weak convergence criteria for the control of stochastic models, and
(2) the distribution of the introduced stochastic variable should be known to the
controller. Therefore, one would wonder whether stronger convergence could be
obtained. The answer to this question was given in [58] for a simpler ILC update
law. Specifically, the discrete-time linear system was revisited, and the traditional
P-type ILC lawwas employed. The authors transformed the error evolution along the
iteration axis by modeling it as a switching system and then established the statis-
tical properties of input errors (i.e., the mathematical expectations and covariances)
in a recursive form. The convergence in the mathematical expectation, mean square,
and almost sure senses was derived simultaneously. The results were then extended
to a class of affine nonlinear systems in [59] using different analysis techniques. A
recent work [60] further proposed two novel and improved ILC schemes based on
the iteration-moving-average operator, in which a searching mechanism was addi-
tionally introduced to collect useful information while avoiding redundant tracking
information from the past. We should note that, as opposed to [55–57], no specific
distribution of the stochastic variable was required in these works.

In addition, some extensions have also been reported in the existing literature.
In particular, nonlinear stochastic systems were taken into account in [61], and
the bounded disturbances were included. In that study, the average-operator-based
scheme was improved by collecting all available information. Nevertheless, we note
that a Gaussian distribution of the variable pass length was required, which limits the
possible application range. In [62], the authors extended the method to discrete-time
linear systems with a vector relative degree. In this case, one needs to carefully select
the output data for the learning algorithms to function. Additionally, this issue was
further extended to stochastic impulse differential equations in [63] and fractional
order systems in [64]. We would like to note that the convergence analyses derived
in these papers are primarily based on the mature contraction mapping method, and
thus are similar to [55].

1.5 Structure of This Monograph

In this monograph, we concentrate on ILC with passive incomplete information.
Hereafter, by passive incomplete information, we mean the incomplete information
and data caused by practical system limitation during data collecting, storing, trans-
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Fig. 1.3 Structure of this monograph

mitting, and processing stages, such as data dropouts, delays, disordering, and limited
transmission bandwidth. Our primary objective is to design and analyze the corre-
sponding ILC algorithms. In other words, we focus on two aspects, one of which
is how to design the data compensation mechanism when certain data is lost and
then design the ILC scheme, and the other one is to establish a unified framework
for convergence analysis in both almost sure and mean square senses. The investiga-
tions in this monographwould help to understand the restrictive relationship between
incomplete information and tracking performance quantitatively.

The rest of this monograph consists of three parts, as shown in Fig. 1.3. Part I
aims to provide in-depth discussions on ILC under various data dropout models,
where the data dropout is assumed to occur at the measurement side only. In partic-
ular, three models, i.e., RSM, BVM, and MCM, are all addressed in detail. This part
contains six chapters with three chapters on RSM case, two chapters on BVM case,
and one chapter on MCM case. Part II devotes to the general data dropout environ-
ments that the data dropout occurs at both measurement and actuator sides. This part
contains three chapters elaborating linear deterministic systems, linear stochastic
systems, and nonlinear systems in sequence. Part III provides more results on ILC
with other types of passive incomplete information such as communication delay and
iteration-varying lengths. Four chapters are included in this part concerning on mul-
tiple communication conditions, iteration-varying lengths, and asynchronism among
subsystems of a large-scale system.

The chapters in this monograph can also be viewed from another angle, i.e.,
the random model angle (see Fig. 1.3). In particular, the convergence analysis
was conducted based on RSM in Chaps. 2–4, 11, and 14, and based on BVM in
Chaps. 5–10. We note that the model for iteration-varying lengths in Chaps. 12 and
13 can be regarded as a generalized Bernoulli model, and thus the techniques in
Chaps. 12 and 13 can be applied to solve the BVM-based problem.
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1.6 Summary

In this chapter, we present the fundamental principles of ILC first to clarify why and
how we design ILC for repetitive systems. Then, we proceed to formulate the basic
framework of ILC in both discrete-time and continuous-time forms. The literature on
ILC with various types of passive incomplete information is reviewed and analyzed.
Lastly, we provide a visual structure of the whole monograph.
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