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4. RIM: Fading Channels
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> Relative degree
> Initial state
» System noise

Plant model Fading channel model
xi (t + 1) = Axy (t) + Buy (£) my (t) = e (O)my () + vi (t)
Yi(t) = Cxyc(t) Multiplicative randomness
Reference model P(u,(t) >0) =1
xq(t +1) = Axq(t) + Bugy(t) u=Elu@®)]  o%=E[Wu)—w?]
ya(t) = Cxq(t) Additive randomness
Elv,(t)] = 0, Elv. ©OvI(®)| =R
LC scheme [vi (£)] v Vi ()] = R,
uk+1(t) = uk(t) + akLek(t + 1) gi{%j@
Assumptions A /‘

Extensions
» High-dimension
» Correlation
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Output fading ILC scheme

Vi (t) = up (O)yp (t) + v () Up+1(t) = ug(t) + agLleg(t + 1)

| ex(t) = ya(t) — y (t)

Correction . .

yr(®) = pyp(®) a > o,z a = oo,z @2 < oo

k=1 k=1
) 4
Vi) = u e Oy () + p~ v (2)

iy (£)

=y () — (1 — )yk(t) +u v (1)

Convergence Theorem: Consider system (1) with output fading channels and apply the ILC scheme with a
decreasing gain sequence. If the direction regulation matrix L is designed such that all eigenvalues of LCB
have positive real parts, then the input sequence generated by the ILC scheme converges asymptotically in
the mean-square sense to the desired value u, (t). Thatis, E[||ug — uil|?] - 0.
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Input fading ILC scheme
U (t) = pg (D uge (8) + v (t) Up+1(t) = up(t) + aile,(t + 1)
. ex(t) = yq(t) — yi (t)
Correction " "
L (6) = s () @ >0,) ay=w ) at<o
k=1 k=1
\ 4

U () = ™ g @ ug (0) + v (8)

= Uy (t) — (1 - ,u,it)) up () + u= v ()

Convergence Theorem: Consider system (1) with input fading channels and apply the ILC scheme with a
decreasing gain sequence. If the direction regulation matrix L is designed such that all eigenvalues of LCB
have positive real parts, then the input sequence generated by the ILC scheme converges asymptotically in
the mean-square sense to the desired value u, (t). Thatis, E[||ug — uil|?] - 0.
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System dynamics

X (t + 1) = Axge(t) + Buj(t) X (t + 1) = Axye(t) + BA[ug (£)]

n
_ _ 1
= Ax;, () + ' By (Dug (£) + By (t) — Ax,(0) + u-lgﬁz st (D err—; ()
5 This - - - il
Ve This introduces unpredictable randomness into the system dynamics. +u 1B Ez Vierr_i(t)
i=1
Averaging technique
1 & Elimination of Fading Effect
Alm,] = —z Mp+1- [/ n n T
nh1 1 1
1 & E EZ Vis1-i(t) 52 Vier1-i(8)
U (6) = Al (O] =~ ¥ Uy (6) \ =
=1 n
— 1 E T
i=1
U1 () = Al (O] + agLe (t+ 1) 1
— _ant - _Rt — O
n n n—-oo
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Convergence Theorem: Consider system (1) with input fading channels and apply the ILC scheme with a
decreasing gain sequence satisfying a; = ak(l + O(ak)),Vj =k —1,...,k—n+ 1and the regular
stochastic approximation condition. If the direction regulation matrix L is designed such that all eigenvalues
of LCB have positive real parts, then the input sequence generated by the ILC scheme converges
asymptotically in the mean-square sense to the desired value u 4 (t). Thatis, E[||lug — u,||?] = 0.

]_L"f:/ , How to deal with the effect of the faded input signal on system dynamics? \

, 4
- =
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Additional conflict

Learning ability

|

convergence rate of the
proposed learning algorithm

Average operators

Ve

VS

) (

Moving-average operator

m

EEN
= — u 1—i
m k+1—1i

=1

J \

General-average operator

k
1
ASTu,] = Ez u;
i=1

|

Tracking ability

|

final tracking precision
to the desired reference

, Forgetting-average operator
1 k
—Y
AF u — -1
1=
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Plant model

xk(t + 1) = Axk(t) + Buk(t) | 121 0 8
~ yk=Huk+dk H = p:z p:l :

Vi (t) = Cxi(t) | P o

Pn Pn-1 * D1

Reference model
xd(t + 1) — Axd(t) + Bud(t) |

> V4 = Hud + dd
ya(t) = Cxq(t) |
lterative learning control
U1 (t) = up (t) + alep(t + 1) I > Uy = Uy + aLley,

Convergence condition

p(I —alH) < 1
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Corrected input Control revision
uj, = pm 0y Moving-average operator
= U — O (ug — uy) + Ppuy yil = HAM[u$] + dy

ex =yq—yi = H(ug — AM[uf])

i = AM ] + ahel!

Error dynamics

e, = H(ug —uy)

= Hu; + Hb, u;, — H®,u
“ K e General-average operator

iy = ACu] + ahe

Forgetting-average operator

Uy = AT [y + ahef
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Moving-average case L earning ability

Convergence Theorem: Consider system (1) with input , - l % |
fading channels and apply the ILC scheme with MA. If [E[ﬁ};oﬁk] < p[m| max {E[ﬁ?Oﬁi]} n P 0,8
the learning gain « is sufficiently small and h satisfies ., 1st=m 1-p

pph > 0, then the input error u; — u;, converges to a

neighborhood of zero in the mean-square sense "
2 .2 2 — 1 — 2
. naaoyllugll®  _ p=1l-cat+na
,ll_rfolo ]E[Ilud . ukllz] < K(O) (1 — Z)muz .... ) 7 ......
where k(0) is the condiion number of a positive- | T rackmq abilty .
definite matrix O, O is the solution of the Lyapunov "y

equation H'O + OH = h™'1, n, is a suitable constant, E [||311‘<4||2] <2 max {E||M_1H®k+1—iﬁk+1_i”2}
and p is the contract factor determined by step size a. st=m

| ]E”HCD + ”2
_.u
m k+1-1%d
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Moving-average case Learning ability

E [(AS[f.q]) O(AC[u
Convergence Theorem: Consider system (1) with [( [te121) O [u"“])]

input fading channels and apply the ILC scheme < (1-p)E [(A\G k])TO(A\G [iik])]
with GA. If the leaming gain a is sufficiently small | .~ : 2} (0)02|[u,||2
and h satisfies p;h > 0, then the average input +6k 0% Amax (0)02 |lug
error A% [uy — uy] converges to zero in the mean- foe . ulk + Dk
square sense S ca—ca? e r TP 0(TH

lim [E ||AG[ﬁk]”2] = 0. Pk = - I +f - (k j_ 1)2 - E ’ =1 O(k_Tlogk)

k—o0 i ,\ C <1 O(k_r)

4
5k = K+ 1 + Cs
A quick note _
Tracking ability
~ 1112 ~
E|||a¢@]|| < AS[ElE )17 — o E [[lef]’] < 2E “|AG “LHO ]+2IE[||A [Houl|]

£ Sl
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Forgetting-average case L earning ability
Uy ||? Aax(0) 02
Convergence Theorem: Consider system (1) with E[Lps1] < (1 — pp)E[Ly] + 8 1t4a ]l Amax (0) oy
input fading channels and apply the ILC scheme with H
FA. If the learning gain « is sufficiently small and h — >
satisfies p,h > 0, then the average input error pr = 30 — 3(c1 + c)ppa” — (¢4 + c5)ppa
F _ . .
A" [u,; — u, ] converges to a neighborhood of zero in 5, = (Bci @y + C)aA2PrPr_r
the mean-square sense .
. @llugll?o} o =7
Jim E[[}a7 @] < e(0) = —*. STy
where
[3c;(1 —p)% + cc(1 —y)]a? geometrical
w = .
cza — [3(cy + c2)(1 —y) + (¢4 + c5)]a? 1>@,> >0 > Qre > >1—y
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Forgetting-average case

Tracking ability

Convergence Theorem: Consider system (1) with
input fading channels and apply the ILC scheme with
FA. If the learning gain « is sufficiently small and h
satisfies p;h > 0, then the average input error
Aflu, — uy] converges to a neighborhood of zero in
the mean-square sense

lim E [[|A7 [#,]]|*| < x(0) ,

k—oo
where
[3c;(1 —y)* + (1 — y)]a?
cza — [3(c; + ) (1 —y) + (cq + c5)]a?

w =

+2E [||AF[HCDkud]||2]

A quick note

E[AF[®,]] = 0

Kk
E [(AF [Cbk])zl = Qi1 z y?CVE[®F, ]

i=1
1— o
> yx iy
1+y wu

> Intuitively explain of why the FA-based scheme cannot
guarantee zero convergence of the input error
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4 high
& N A GA » FA connects MA and GA
2 ¢ > As y approaches zero, FA becomes MA with m = 1
= Y A Y
.- — 0\\ \\ -
= RN > Asy approaches one, FA becomes GA
=P \\ \\
- o .
* » As m approaches infinity, MA becomes GA
asy—1 ) ::‘“‘\*& A
high
>
low Tracking ability
:
T . . . - \
}@ How to deal with the issue if the statistics are unknown?
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Configuration transformation

J’dl

Ui Ve 17 e
—> Plant -0 ‘

71 7 “Fading Cha nnel
Uk +1 |
<«— Controller |«

— Memory

Faded error

ex =Ya — Yx = Huy,
e;c = (@k®1q)ek + Vi
®k — dlag{:uk(l)) :uk(z)r uuk(N)}

Technical settings

8. =[6k62..,6L] |6l <a
= _ 11 11" 1, 1
k — _6,%,5]%,"”6}6 5_Ii < IE 5—Ii _O

IR | FEARKE | ERHMR ARG R e S H]



W FITERH o msmwz

Gradient-estimate-based ILC

Uppi1 = Uy + O

b . . , - Convergence Theorem: Consider system (1) and
Uzk+z = Uk — C—(llezk+1|| — llegll?) apply the gradient estimate-based ILC scheme.
Assume that Assumptions 1-3 hold, and the generated

°° input sequence is bounded, then the input sequence
a, > 0,a;, — 0, z ap = © u,;, converges to u,; asymptotically along the iteration

k=1 axis. Accordingly, the output y; will converge to the
desired reference y,; asymptotically.
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Gradient-estimate-based ILC

Upps1 = Uy + TO
a0y

Urk4+2 = Uk — T(IIBERHIIZ — ||e°2k||2)

(00}
ak>0,ak—>0,2ak=oo
k=1

Convergence Theorem: Consider system (1) and
apply the variant gradient estimate-based ILC scheme,
where the parameter satisfies Y5>, az < co. Assume
that Assumptions 1-3 hold, and the generated input
sequence is bounded. Then, the input error u,
converges to a bounded zone around zero, where the
upper bound is linearly dependent on 7. Accordingly,
the tracking error is also linearly bounded by the
parameter 7.
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Fading channel model Estimation property
my () = w (E)my ()
Pilot signal kz: Elu ()] =
0, =1 . 22
0 R R 1
O = 1 ()03 = i () Var(@y) = Bl — ul* = E Ez 1) = 1
lterative estimation ] i )
k k
A 1 o 1 2
Hi =Ez 0; =k2[E Z(Mi(*)—ﬂ)
=1 i=1
Variants ) ]
k—1 1 1
i, = - ﬁk_1+Eg;; +ﬁﬂ3[ Z (ﬂi(*)—ﬂ)(ﬂj(*)—ﬂ)]
1<i<j<k
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Coupled effect in analysis

Ve () = w )y (t)
1 1
YLD = AFYE (D) = A i Oy (©) =y + (”"f) _ 1)yk<t> + <ﬁ— _ ;) 1 (D)

k

l

Not zero-mean

Convergence Theorem: Consider system (1) with output fading channels and apply the ILC scheme with
the iterative estimation of the fading mean. If the direction regulation matrix L is designed such that all
eigenvalues of LCB have positive real parts and step size a;, satisfies the stochastic approximation condition,
then the input sequence generated by the ILC scheme converges in the mean-square sense to the desired

value uy (t). Thatis, E[||lug — ukll?] = 0.
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up () = pPOwe® k() = (@) un @

hd

xe(t + 1) = Axge(8) + B(A) ™ w0 (£)
Vi (t) = Cx (t)

v

6" = pup"t (%) Ye(®) = " )y (©)

v

k =1

er(t) = ya(t) — (ﬁzut)‘luz“%t)yk(t)

hd

U1 (t) = ug(t) + agle,(t + 1)

v

in i i k+1 ,in
? Or1 = Ui (%) Akl = T+ 12

£ Sl
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ﬂ
}Cf;, What to do if the mean and variance varies along the iteration axis? \

Fading model

my (£) = pp(£)my(t) + v (t)

Varying statistics

tr = Elu, (0] T = E[(ui () — ug)?] O<aspu,<b

v, = E [v,gi)(t)] O, = [(v,gi)(t) — vk)2] T, < T 0, <96
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Conventional case Mean inverse estimate (MIE)

v, =0 — I
“ 0<e<pu' Mip = Ezt—lek(t)

Testing signals { —h ]
0(0) = ()0 () + Vi(D) = 1f(®) + Vi (©) Man =7, (6i)
If My , > 0, define

Mean estimate

1o " h
i1, — — 90 t _ I _ o
fe=7) . 6 =1 52 (1= i)
V =

1 My, }

with wp = min{ ) , €
hM; p M p

Otherwise, take P, = 1/h and wy, = €/h

" MIE N

Wy o

Yk = —1_[(1 — wpOR (D))
qN t=1
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Received output

Ve (t) = e (D) yr () + vi (£)

Corrected output
V() = Vieyr (0)

=y () + <

()
Hk

— 1) Vi (t)
+(7x — 1D @i @) + 7rve ()

ILC scheme
U1 (8) = ur () + aleer(t+ 1)

Convergence Theorem:
With constant step size a
lim sup E[[|%|*]

k—o0
<y d; (771 + 12 (2llyqll® + 773)) Amax(2)
B 1- an4/1max(ﬂ) Amin(-ﬂ)
With decreasing step size a;,
111—>n.30 E[||%]1°] = 0
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General case Corrected testing sighals
v, =)0 0. (t) = (=10, (t) — V]
= 1 (8) + (=1 (Wp(2) — D)

Testing signhals
0:(2i — 1) = —ui(2i — 1) + v (2i — 1)

MIE of multiplicative randomness

Hk(t) = -1 N
—~ _ W _ 0
0, (20) = pup (20) + v, (20) Yk = an 1:[(1 wp Ok (1))
0 (t) =1 -
Convergence Theorem:
Mean estimate of additive noise With constant step size a
1 n d * * 2 *
s _1 : 2 (i + 5 2llyall® +13) ) 1. (@
Vi = nzt—19k(t) lim sup E[[|#x]|*] < « ( - ) )
B k— oo 1- a774/1max(ﬂ) Amin(£2)
With decreasing step size a;,
Ilim E[llT,]*] = 0
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» Known statistical information: Three iterative averaging mechanisms for the input signal are established,
which ensures the stability of the dynamic process of the system, and clearly depicts the trade-off relationship
between the learning rate and the tracking accuracy (TAC 2021, TNNLS 2020, TSMC 2022).

» Unknown statistical information: A comprehensive gradient estimation method based on stochastic iterative
differences (TNNLS 2021) and an iterative estimation mechanism based on test signals are established, which
are used for the correction of biased information (TNNLS 2022).

» Changing statistical information: Characterize the minimum information requirement for achieving
asymptotically accurate tracking, establish an unbiased estimation of the inverse of the mean based on only a
single batch of limited test signals, and realize the extraction and correction of key information (TAC 2023).

» Extensions: Techniques and results can be extended to multiagent systems with fading communication
(TNNLS 2023) and point-to-point tracking control via fading communication (TCYB 2024).
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