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SISO Plant model

_ Linearly added to _
X (t + 1) = Ax () + buy (¢) Tracking error e, (t + 1) > Control input uy (t)
Vie(t) = cxp(t) \ 4
Decreasing |e, (t + 1)
Proportional-type update rule (PTUR) v
Ups1(t) = uk (t) + pLeep(t + 1) Lower update intensity =<
l, Y
History input Slow convergence rate of e, (t + 1)
Y
Update term » How to enhance the learning ability of ILC schemes?

» How to accelerate the convergence speed of ILC schemes?

» How to provide more possibilities to improve the performance
of ILC schemes?

IR | FEARKE | ERHMR ARG R e S H]



W WIREF o mizgit

Basic question: Fractional-type update rule (FTUR)
How to enhance the update intensity for small error levels?
P y ey (£) = we(£) + ale, (£ + DY sgn(e, (£ + 1))
Oo<y<i1
A fact: 14

y .
Forany number 0 < a < 1,wehavea’ >awith0 <y <1 Acceleration principle

Fractional power update term % Enhanced update intensity

1
09r
0.8r
0.7 r

Convergence analysis

0.6

o ﬁ PTUR -1
Lh\ .
ol —v=o1] err1(t) = (1 —pch)e(t) —p ) cAlbe(t — i)
0:2 ;;HIE - =1
vz FTUR
00 0.‘2 0.‘4 N U‘.6 U‘.8 1 ek+1(t) — ek(t) - aCblek(t)ly Sgn(ek(t))
t—1
—az cA'b|e, (t — i)|Vsgn(e,(t — i)
i=1

IR | FEARKE | ERHMR ARG R e S H]



W BIRNEFR o wassir

t—1

Error dynamics .41 (6) = e (t) — achley (D)1 sgn(e () = @ ) cA'ble(t — )| sgn(ey (¢ = D)
=1

Two main difficulties

= )
5 > PO WW

Nonlinearity of the error dynamics ) & Ll
) — - A S

Influence of the perturbation term

Difficulty 1: Nonlinearity

Basic convergence analysis theorem: Assume v is the equilibrium
of £ and B is a ball with a center v. If || f (w) — v|| < |[u — V]|, -~
v Vu € B, u # v, the iterative sequence generated by w1 = f(ug) |

| 41] = |xx — acb|x, Y sgn(x;)| 2 f(lxk|) | with any initial value in B eventually converges to v.

Xi+1 = X — ach|x; |V sgn(xy)

a). The equilibrium is an isolated equilibrium point.

b). The distance is decreasing.
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Convergence to limit cycle

0.7 — f(x) = |x — acblx|'sgn(x)|| -
Sx)=x . .

|xk+1| = [xx — acblxg|Y sgn(x)| + acb >0

1
acb)l—y

L

. J
-““-“__.--" ""."'-._A
| | | -
\ S e

Point B is the equilibrium of f(+)
The slope of [BC|: <1 .
.+ Consistent with the CM principle
The slope of |[BD|: <1

The slope of |AB|: =1 Inconsistent with the CM principle
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t—1
Error dynamics ers1(t) = ex(t) — achle (t)|Y sgn(ex(t)) — az cA'ble, (t — )|"sgn(ex (t — i))
i=1
Difficulty 2: Perturbation
Xie41 = X — acblxe|V sgn(xy) — w, wr—> £M; = Xp41 = —Xg + ach|xg |V sgn(x,) — My
v v
Convergence to a limit cycle = Convergence to a limit value

Lemma: Suppose w;, — +M;. If x; generated by x;.1 = —xj, + acb|x;|" sgn(x;) — M, converges to a, then x;,
generated by x5, = x;, — acb|x;|” sgn(x,) — wy converges to the limit cycle +a.

This lemma establishes the connection between convergence limits and limit cycles!
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Convergence

The equation x = —x + acb|x|" sgn(x) — M, has one root at least and three roots at most.

1.0 . | . 15 e 0.8 . . ,
0.8 L |—f(x)=—x + acblx|'sgn(x) — M, ] —— g (x) =—x + ach|x|'sgn(x) — My 06L& (x) =—x + achlx|'sgn(x) — M,
06 Ll=—r=x | LOf[—y=x 1 Sl —y=x
04 04} Ri(es, k03)
M ' 0.5 ' 0.2
021 ] L} Qsl(bs, bs) A
E 0 E O ::'; _____________ Qz_(f_l’:_- :“‘_:"'T"{ ___________ E 0 __\\;'\_ _____________________________ t ‘::“:BR_
—_— 21 97 b i b 32 33
™02} / I = — N \\ - -0.21 | ’ ]
0.4 |~ Y, : 057 o) 0, -amp) 1 ~L
—~ 0.4} /
—0.6 L e o) | 10l | Py(as, as)
0.8} o . ' 0.6}
~1.0 : - -1.5 N— N -0.8 - - :
-1.0 -0.5 0 0.5 1.0 -1.5 -1.0 =05 0 05 1.0 1.5 -1.0 =05 0 0.5
X X X
(a) (b) (c)

The roots of x = —x + acb|x|¥ sgn(x) — M, correspond to the equilibriums of x, .1 = —x) + acb|xy|¥ sgn(x,) — M;.

Theorem: Apply the FTUR to the linear SISO system, the tracking error e, (t) converges to limit cycles for any t. Further, the

limit cycles can be computed by x = —x + acb|x|? sgn(x) — M ,, where M | = |a 5;}(—1)wchfbeZ(t_j) .
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1.5 - - r . 1.5 ' r : . 1.5
1.4 F 1.2374 4 1.4}
2 213+ 2 13¢
g 1 0 SRR LR S L S S S SR D RO R DR SR R R R - I E 1 2 BHERGE -COah G- — -OdEy Ih0OO-G-00 — — <Bal-G- db-EBaG € G0 g 1 2
T | BB I : D L1t
w [ ¥
| | S 10} . o 1 < 10} L1751
3 2 E
= 0 > =
E / 2 0.8 1 208
%ﬂ (} Y T S — %ﬂ 0 7 @ -G d)- dRERG ©— G COGh-OEREERE - D S ~OEEEEERDED %ﬂ 0 7
= ) = T b = 'L . - P A . -
= Z / E 3 - - - @ - - - OO DEE- - @ -G ——-®---D - O
3 S o6t , ; S 06t T~ ]
_ 0.7286 . 0.7286 0.6541
o t=1 0.5 t =21 05}t ' t = 31
"0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
The number of trails The number of trails The number of trails

» The convergence values are the roots of the equation x = —x + acb|x|¥ sgn(x) — M ;.

= 10 .

= 6F

= 4l

S 2f

22 0Ff

E2 -2f

,:}'E 4_// |

=

2 "(‘J-— s

£ —_13 .. ... 1 » Foreach time point, the tracking error converges to a limit cycle.
1

2 3 4 5 6 7 3 9 10
The number of iterations
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Tracking error

0.5
0.4
0.3
0.2
0.1

Tracking error

a=0.159=0.5

0.4

=== P_type rule
s Fractional rule

5 10 15

The number of iterations

a=0357y=05

=== === P_type rule
Fractional rule

o

Tracking error

5 10 15
The number of iterations

Tracking error

e L e 2 2
o W B La

B
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0=025y=05

= P_type rule
s Fractional rule |

™

5 10 15 20

The number of iterations

0=045y=05

/...'-—-'-el'—_'—

= == P_type rule
Fractional rule

L W ———

=]

510 15 20
The number of iterations

» A small learning gain corresponds to a small convergence limit.
» A small power corresponds to a large convergence limit.
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Tracking error

Tracking error

0.5

P

a=0.15y=0.125

= P_type rule

s Fractional rule

il T

0 5 10 15
The number of iterations

a=0.15,7=0.75

=== == P_type rule

e Fractional rule

Tracking error

0 5 10 15
The number of iterations

Tracking error

0.5

0.4
03¢
0.2t
0.1¢

a=0.15y=05

== == P_type rule

s Fractional rule | ]

—
—

5 10 15
The number of iterations

a=0.15y=09

20

=== === P_type rule

s [ ractional rule | ]

5 10 15
The number of iterations

20

» A small learning gain corresponds to a slow convergence rate.
> A small power corresponds to a fast convergence rate.




WIRREE o st

- large error level > small error level —>i<—around equilibrium—»i
k=0 k=k, k =k,  k=ks i
9 O ’ 9 —@ ®
initial error } } } equilibrium
\ v A v A v J
PTUR for acceleration FTUR for acceleration PTUR for high-precision-tracking
- f 1 )
a\l-v
ug (t) + per (t + 1), lex(t + D] > - PTUR
MSUR 1 1
() = 4 achb \1-v a\1-v
Ur+1) = Yy () + aler(t + 1| sgn(er(t + 1)), 2~ peb <lex(t+ 1) < > FTUR
1
acb \1-v
ui (t) + pe(t + 1), 0<l|e(t+1) <|—— PTUR
L \ 2 —pcb )
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] T T 8 T T
4 5H _y_ﬂl”{rj ] — = |f1{$]|
—y = () 7t —y = |fo(a)||]
4t 4
3.5
3 b
= 2.5
2 -
PTUR
161
L | FTUR [ PTUR
05¢ \VI:
° T 2 3 T2 é ? 8 Dn €el 1 Tr 3 :1 T2 :; ? 8
&I I
Two performance advantages
Fast convergence for large & small error levels High tracking precision (zero-error convergence)

IR | FEARKZE | ERHMRAEGE



W IUHRHEE o zrmws

Nevertheless, MSUR requires the accurate value of cb, which may be hard to obtain for some practical systems

Assumption: There exists 8 and 8 such that 8 < |ch| < 6

( 1
a\1l-v 1 e
u (t) + pe(t + 1), lex (t + 1)| > ; < |6 >1TV af|1-v
..... max —
.............................................. 2 _ 0 ) 2
uk+1(t) - < ......................................... 1iy Q p_ )
we () + aler (¢ + DIV sgn(e(t + 1), 2y < et + DI < <_> <z <( |8 )m
X1 —
2 —pb
\ ue(t) + per (£ + 1), 0<lep(t+DI<% .. ——— 1 2
4: I _IJ—|}I'1{.1.'}I 4:_ I _Iy—|fl-_rf.~r]| 4.: _Iy_b;,[f_) [
—v = || — v = A@)]] _ —u = |f:=)]]
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—_—y = $2(z)

5
¢ —y=$i(2)(1 - peb = 0.3)
4 ¥ = ¢1(z)(1 — pcb = 0.6) |
15
3
Bos
=
2
15
1 T11
05 / —_—
T2 L1 [ Tz 12 14 16
T
5 T
45 —y = ¢1(x) ]
—y = do(z}{ench =1)
4 y = ¢a(w)(exach = 1.5)
35
3
Boas
—
2
15
Tl Ta
1 AA
Lt
051
He 6 12 1|4 16
T
5
vs —y=d2)
—y = ¢a(z)(n = 0.4)
4 ¥ = da(z)(re = 0.7)
35 0.8- 1
s e
5]
= 25 04- ’
2] 02+
15 i
& T-liz \ ;1.1 aeh) =
! ‘\ !:I'l { }
[i] \f . i e
[} 5 10 Tzl 20 L2 30
€I

a). The effect of parameter p:
A small value of |1 — pcb| corresponds to a fast convergence rate.

) —y-a0es- ), The effect of parameter )
* | A small value of || corresponds to fast convergence
S \ - for small tracking error levels.
- o v/ - Alarge value of || corresponds to fast convergence
|\ for large tracking error levels. )
b = —%0-  c). The effect of parameter y:

* N o\ . Asmall value of |y| corresponds to fast
Q 2 \ / ~convergence for small tracking error levels.
\ \ A ———— Alarge value of |y| corresponds to fast
A e — // ———— convergence for large tracking error levels.
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Iterations number

»

lterations number

|

Iteration number

n

10! — 10? T 1 102 : .
———=PTUR ———=PTUR — - PTTR
—==FPUR ] 0 Eeeeee i | ae e e FTUR (ey) (41 F  |esssesaes FTUR ()
MSUR- | - reennes FTUR (00) [ Megoee., snsrnnns FTUR ()
= 5 40! e MSUR-I () 5 101k e MSUR-T (1)
E S R | = MSUR {ag) 2 MSURI (12)
g 10° 1 g —&— Multi-gain (o and o) g —f— Multi-power (1 and )
[} [&] o [&] OL 0000 e N R Y ssaamsse e s RSN EREREEEEEEEEEEEEE,
@ 10
£ 5 g
‘s L= ©
-
10
E E E
g g 107 g 107
3 | . g
2 o E
3 1
& 10 1 E 2L E -2
: < 10 < 10°F
1
1
1
1073 ' 103 : ' 107 : :
10 15 0 5 10 15 0 5 10 15

Switching between PTUR and FTUR Switching with different « and y
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Electromechanical
\ system of three- _

computer

axis robot

Under the same accuracy requirement, classical PTUR
requires nearly 150 iterations, whereas the proposed
MSUR requires fewer than 100 iterations.

MSUR

sy
o
-
—_
(=]
=

60 iterations

—_
(=]
[=]

Absolute value of tracking error
3
(=]

Absolute value of tracking error
Absolute value of tracking error

—_
(=]
[=]

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Iteration number Iteration number Iteration number
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small error leve] ———

1
- large error level >
1 1
1 1
=0 k= ky | k= ky |
- R 1
. = ' — ~
initial error equilibrium

Fractional-proportional-type update rule (FPUR)

Uy () = u (t) + ale, (t + DY sgn(ek(t + 1)) + Be,(t + 1)

Error dynamics

ex+1(t) = (1 — ach)ey (t) — Bcble (DY sgn(ex (t)) — z cA'b|ae,(t — i) + Blex(t — DY sgn(ex (t — )]

Gain Selection | = FPUR-I Beb |
| -1<1-acb<0, Pcb<0 | n '
0 >
The terms 1-acb and [cb are selected to have the same sign. This selection allows for 1 — ach
the cancellation of two terms in the tracking error recursion during the iteration process. 11 v
These two terms contribute to reducing tracking error in subsequent iterations.
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p < 1land |wyg
x(0) = xy € B,(x™) as the initial value.

fOO—f(x)
|_

Lemma: Consider the nonlinear iteration with perturbation x(k + 1) = f(x(k)) + wy,
where wy — w and x* is the root of x = f(x) + w. If for every x € B,.(x™), there are

— w| < (1 — p)r, then we have x;, — x* for any

effect of the peKurbation

xk+1 \

equilibrium x*

This lemma provides an effective way to analyze the convergence of nonlinear perturbed

iteration processes.

Convergence limit

1

e, (O] = <_%>1‘y,w e N+

» The limit of tracking error is independent with system matrices

This theorem demonstrates that for any initial value x, there »
exists an open neighborhood of x, such that two different
initial values correspond to the same convergence limit.

contraction effect

Convergence between limit and initial tracking error

80

200 100
150|I"r

100

60

40

0
50 100 150 200 0 20 40 60 80 100

The value of ey(1) The value of wy(4)

The value of ey(2)
The value of ey(5)

[%1]
[=]

=
=

Theorem: According to the convergence limit of tracking errors,
the initial values of the system are divided into disjoint open sets.
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Convergence rate

1

ify =1- ey (t) exhibits a Q-superlinear convergence rate.

Bcb’
Ify =1 — ﬁ, ey (t) exhibits a Q-linear convergence rate, the convergence rate is described by
|l Ex+1 ()l
lim <|1—(1-=vy)ach| + ¢,
R TG G

where € > 0 is any positive constant.

Parameter selection

High tracking precision: Large || and y, small | S|

Fast convergence rate: Remains to be explored......
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Tracking errors

5 10 15 20 25 30
The number of iterations

(a)

Tracking errors

—

5 10 15 20 25 30
The number of iterations

(0

WHISHEE o naL

—
=
[

-
=
.

Tracking errors

—
-
o

5 10 15 20

The number of iterations

(b)

Tracking emors

5 i 165 20 25 30
The number of iterations

(g)

25 30

Tracking errors

=
s

Tracking errors
=
i

=
=
do

10°

107

=1

5 i 15
The number of iterations

(c)

o=40, 7= —25 v=10.8

. —FFTTR

L —~ —FTUR
v, ===PTUR
b

5 10 15 20
The number of leralions

(h)

2 25 30

102w
. — FPUTR
Ty, -
E c """ i =FTUR
£ 10 " ——— TR
g I
% 10 *
=2 %
i
10" — =
0 5 ‘I-ﬂ 1.5 E-G 25 30
The number of iterations
(d)
5 a =40, §=-20, v = 0.85
10

Tracking errors
= o =
S ra 2

—
=
&

0 &5 10 15

20 28 30
The number of iterations

@)

Tracking errors

-

10°%
-‘-h-"'h..___ _FPUR-
E \. —-—IJIIIRE
h!
=11 ]
E 10 \
3
l;_'i' 1071

o 10 20 a0 40 50
The number of iterations

(e)

o =45 #=—15 =087

o -
- -
wn ra

i

] 10 20 a0 40 50
The number of iterations

@
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Fractional-proportional-type update rule (FPUR)

U1 (8) = we (1) + ale (t + 1" sgn(ee(t + 1)) + ey (t + 1)

Gain Selection Il > FPUR-II
| 0<i-acb<1, pcb>0 |

— — - 2?2 T T
FPUR (@,B) ep.1(1) =|1—ch <67 + '81 y) e, (1) s} Error limit for FPUR-II
i | ek( ) | - 1 Error limit for FPUR-I Ci(z) Cy(z)
: 8 : & S FRURL // //
FPUR-Il («, ex+1(1) =1 —ch (a + ) e (1) v
( .B) k+1 _ |ek(1)|y _ k . : £
0 1 2 3 4 a 5]

This two gain selections have performance advantages for large and small error levels, respectively.
FPUR-I: fast convergence for large error levels.
FPUR-II: fast convergence for small error levels, and high tracking precision.
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Convergence results

Theorem: Apply FPUR-II to the system, we have the following:

(). If x = —¢p(x) + |ws_1| has one root x;, we have e (t) — +x7;

(b). If x = —¢@(x) + |ws_1]| has two roots x; and x5, we have either e, (t) — +x7 or e, (t) = +x3;

(c). f x = —@(x) + |w¢_1]| has three roots x7, x5, x3, Where x; < x5 < x3, we have either e; (t) = tx7 or e, (t) - *x3.
Here, ¢ (x) 2 (1 — acb)x — Bcb|x|Vsgn(x).

Technical lemma for compute limit cycles

Lemma: Consider the following recursion:
X1 = —pXi + v]xg |V sgnxg + O,
where 0 < p < 1,v > 0,and 8, — 6, then there exists K such that for k > K,

1

x| < mind (1 — 1) L L =L . < v )ﬁ 6]
X | < min — Yy~ -V + , +
k v P 1+ p A-py)A-p)
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Estimate limit cycles

1

( Bch \17v
Xer =21 =\ "

' S .|
Stz caib|(laz._| +|Bz)_, Beb |+ i
1|C(1 _|§/)6¥(22t_ aCbl) z{_;|) @) [(1 - Zcb)yl + ZlCA b|(laz._;| + |Bz]_,;|)
i=1

The relationship between the size of the limit cycles and the values of parameters can be obtained from the estimation result.

Xer < Zp = Miny z7 +

Relationship between schemes FPUR
4 )
(@).fy =1and 0 < (a + B)cb < 2, z; = 0. FPUR-Il degenerates to PTUR, 0 < (a + B)cb < 2 a=0
is exactly the convergence condition of PTUR. Y p=0
(b). If 5 = 0, we have z; = 0. FPUR-Il degenerates to PTUR. 0 < 1 — acb < 1 is exactly the FTUR y ir 1
convergence condition of PTUR. y=1
1
PE Y
(c). If & = 0, we have z; = (%)*y. FPUR-II degenerates to FTUR. PTUR <
\. J/

IR | FEARKE | ERHMR ARG R e S H]



WHISHAE o wasir

Convergence rate

Ify =1— e, (t) exhibits a Q-superlinear convergence rate for t = 1.

2—ach’

Ify 1 — o Gk (t) exhibits a Q-linear convergence rate, the convergence rate is described by O (ln i) wheree > 0 is
the precision requirement.

Convergence rate comparison between FPUR-|I and FPUR-II

2 2 ‘
—Cl(x)
_ ﬁ— E o (x _82(.?)
FPUR-I: Cr4+1 = 1—-cb ((j + |e |)/> e 15 FPUEII/PTUR —_— : 1 1.5 | PTUR  FPUR-II FPURLL
- k - D == S
) ﬁ ) 1 %l :i('l h.’“: ..d.)lf | | ; ; :: J )N]o:el acceleration framework
A exs1=|1—chb|a+ e i/ 1ex1 2= (E)" 2= (k)" N o (aE\™
FPUR-II: k+1 _ < Iek|y>_ k sl ¥ / /! %)1— - (H—ﬂ) r—1
— BN
Equivalent contraction coefficient % 2 4 6 8 10 12 1 16 %0 02 04 08 08 1 12 14 16
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FPUR-I and FPUR-II have performance advantages for large and small error levels, respectively.
The following multistage update scheme is designed to combine the speed advantages of FPUR-I and FPUR-II.

4 ( 1 N\
: B— B\
u,(t) + Pe(t+1) +c_x|ek(t+1)|ngn(ek(t+1)), le, (t)] = —
Up41(E) = 4 1
B—B\'"Y
u,(t) + Ber(t+ 1) + ale, (t + DY sgn(ek(t + 1)), 0 < le,(t)| < 7
\_ k J
Acceleration of the convergence is achieved by Without requiring accurate system information

using this multistage scheme in algorithm design
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Further, the following multistage update scheme is designed to combine the speed advantages of FPUR-I, FPUR-II, and PTUR.

G )
(
w (8 + Beg(t + 1) + aleg(t + DI sgn(ex(t + 1) et + DI 2 (ﬁ - i)
1
= Yuk®) + Ber(t + 1) + aleg(t + DIY sgn(e (¢ + 1) (2 o ’pcb> <l IS (ﬁ - ﬁ)
1
pcb -y
\ u (t) + peg(t) 0<le(t+ D] < (Z—acb—pcb>
L 4

Acceleration of the convergence is achieved by
using this multistage scheme

k| FEARKE | ERHMRREGES

this multistage scheme

BB 14

Zero-error convergence is achieved by using
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Tracking error

Tracking error

) 107 ' ’ §
0 5 10 15 20 0 5 10 15 20
£l e=1et v=09 (d) £ = 1e !, 4 = 0.95
[ [ [ 0P ]
10° —=—PTUR (FILC} 10 = ==PTUR (FILC)
- =FTLUR = =FTUR
S S LLITEL FPURT || | % W e FPUR-1
' — FPLUR-II * —— FPUR-II
le=1e 10| . LT PR
..................... 10 £ = le
------------------------ ‘___
-
i i i i " \‘ i i \ﬁ
0 5 10 15 20 25 30 0 10 20 30 40 50

fa) e=1ed, v =0.8

=== PTUR {FILC)
= =FTUR
* ssnsne FPUR-I

.]DI].

ib) e =1e™, v =0.85

= =FTUR
vennss FPUR-I
= FPUR-II

=== PTLR (FILC)

The number of iterations

The number of iterations

Tracking error

-

Tracking error

—

II-:I-‘II:I L

D-1D |

@ a=8 3="7v=09

— PTUR
- =FTUR
...... FPUR-I
== FPUR-II

10 20 30 40
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Under the same accuracy requirement, FPUR-II requires
nearly 50 fewer iterations than PTUR.
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