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𝑥𝑘 0 = 𝑥𝑑 0

𝒆𝑘 = 𝒚𝑑 − 𝒚𝑘 = 𝑯෥𝒖𝑘 + 𝝃𝑘

Plant model

Lifting Transformation
𝝃𝑘 = 𝑮𝒘𝑘 + 𝒗𝑘 ∼ 𝒩(0,𝑸)

෥𝒖𝑘 ≜ 𝒖𝑑 − 𝒖𝑘

𝒚𝑘 = 𝑯𝒖𝑘 +𝑵𝑥𝑘 0 + 𝑮𝒘𝑘 + 𝒗𝑘

𝒚𝑑 = 𝑯𝒖𝑑 +𝑵𝑥𝑑 0

𝑥𝑘 𝑡 + 1 = 𝐴𝑡𝑥𝑘 𝑡 + 𝐵𝑡𝑢𝑘 𝑡 + 𝑤𝑘 𝑡 + 1

𝑦𝑘 𝑡 = 𝐶𝑡𝑥𝑘 𝑡 + 𝑣𝑘 𝑡

𝑯 =

𝐶1𝐵0 0 ⋯ 0
𝐶2𝐴1𝐵0 𝐶2𝐵1 ⋯ 0

⋮ ⋮ ⋱ ⋮
𝐶𝑛𝐴1

𝑛−1𝐵0 𝐶𝑛𝐴2
𝑛−1𝐵1 ⋯ 𝐶𝑛𝐵𝑛−1

Reference

Identical initialization

Error dynamics
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Iterative update scheme

𝒆𝑘 = 𝒚𝑑 − 𝒚𝑘 = 𝑯෥𝒖𝑘 + 𝝃𝑘

𝝃𝑘 = 𝑮𝒘𝑘 + 𝒗𝑘 ∼ 𝒩(0,𝑸)

෥𝒖𝑘 ≜ 𝒖𝑑 − 𝒖𝑘

Error dynamics

𝑢𝑘+1 𝑡 = 𝑢𝑘 𝑡 + 𝜌𝐿𝑡𝑒𝑘(𝑡 + 1)

𝒖𝑘+1 = 𝒖𝑘 + 𝜌𝑳𝒆𝑘

𝑳 = diag{𝐿0, 𝐿1, … , 𝐿𝑛−1}

෥𝒖𝑘+1 = ෥𝒖𝑘 − 𝜌𝑳𝒆𝑘

= ෥𝒖𝑘 − 𝜌𝑳𝑯෥𝒖𝑘 − 𝜌𝑳𝝃𝑘

= 𝑰 − 𝜌𝑳𝑯 ෥𝒖𝑘 − 𝜌𝑳𝝃𝑘

෥𝒖𝑘 ↛ 0
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Input error dynamics

෥𝒖𝑘+1 = 𝑰 − 𝜌𝑳𝑯 ෥𝒖𝑘 − 𝜌𝑳𝝃𝑘

Error boundedness

𝔼 ෥𝒖𝑘+1
2 = 𝔼 𝑰 − 𝜌𝑳𝑯 ෥𝒖𝑘

2 + 𝔼 𝜌𝑳𝝃𝑘
2

≤ 𝜆𝑚 𝑰 − 𝜌𝑳𝑯 𝑇 𝑰 − 𝜌𝑳𝑯 𝔼 ෥𝒖𝑘
2 + 𝔼 𝜌𝑳𝝃𝑘

2

≤ 𝜆𝑚 𝑰 − 𝜌𝑳𝑯 𝑇 𝑰 − 𝜌𝑳𝑯 𝔼 ෥𝒖𝑘
2 + 𝜌2 ҧ𝜆𝑚 𝑳𝑇𝑳 𝜆𝑚 𝑸

lim
𝑘→∞

sup𝔼 ෥𝒖𝑘
2 ≤

𝜌2 ҧ𝜆𝑚 𝑳𝑇𝑳 𝜆𝑚 𝑸

1 − 𝜆𝑚 𝑰 − 𝜌𝑳𝑯 𝑇 𝑰 − 𝜌𝑳𝑯

Constant gain → decreasing gain 

Vanishing to zero to suppress the noise effect

Vanishing slowly to ensure sufficient learning
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Stochastic Approximation idea

𝑢𝑘+1 𝑡 = 𝑢𝑘 𝑡 + 𝜌𝐿𝑡𝑒𝑘(𝑡 + 1)

𝒖𝑘+1 = 𝒖𝑘 + 𝜌𝑘𝑳𝒆𝑘
෍

𝑘=1

∞

𝜌𝑘 = ∞, ෍
𝑘=1

∞

𝜌𝑘
2 < ∞

Conditions on stepsize (gain)

𝔼 ෥𝒖𝑘+1
2 ≤ 𝜆𝑚 𝑰 − 𝜌𝑘𝑳𝑯

𝑇 𝑰 − 𝜌𝑘𝑳𝑯 𝔼 ෥𝒖𝑘
2 + 𝜌𝑘

2 ҧ𝜆𝑚 𝑳𝑇𝑳 𝜆𝑚 𝑸

Sufficient learning Noise effect suppression
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设计思想

𝔼 ෥𝒖𝑘+1
2 ≤ 𝜆𝑚 𝑰 − 𝜌𝑳𝑯 𝑇 𝑰 − 𝜌𝑳𝑯 𝔼 ෥𝒖𝑘

2 + 𝜌2 ҧ𝜆𝑚 𝑳𝑇𝑳 𝜆𝑚 𝑸

≤ 1 − 𝜌𝜃 𝔼 ෥𝒖𝑘
2 + 𝜌2 ҧ𝜆𝑚 𝑳𝑇𝑳 𝜆𝑚 𝑸

View as a function 𝑓 𝜌 of 𝜌

➢ Minimize 𝑓 𝜌  to find an optimal selection of 𝜌

➢ It is actually a suboptimal selection as the function is an approximation

𝜕𝑓 𝜌

𝜕𝜌
= −𝜃𝔼 ෥𝒖𝑘

2 + 2𝜌 ҧ𝜆𝑚 𝑳𝑇𝑳 𝜆𝑚 𝑸

Mean-squared input error contraction

➢ Optimal (suboptimal) gain 𝜌 is iteration varying and dependent on the input energy



沈栋 | 中国人民大学 | 复杂批次系统智能学习控制 of 40

最优增益

8

设计案例

Iterative update scheme

𝑢𝑘+1 𝑡 = 𝑢𝑘 𝑡 + 𝜌𝑘𝐿𝑡𝑒𝑘(𝑡 + 1)

Derivations for optimal gain

𝔼 𝑽𝑘+1 ≤ 1 − 𝜌𝑘𝜗 𝔼 𝑽𝑘 + 𝜌𝑘
2𝜛

𝑽𝑘 = ෥𝒖𝑘
𝑇Θ෥𝒖𝑘

𝑓(𝜌𝑘) ≜ 1 − 𝜌𝑘𝜗 𝔼 𝑽𝑘 + 𝜌𝑘
2𝜛

Performance index function

𝜕𝑓(𝜌𝑘)

𝜕𝜌𝑘
= −𝜗𝔼 𝑽𝑘 + 2𝜌𝑘𝜛

𝜌𝑘
∗ =

𝜗

2𝜛
𝔼 𝑽𝑘

𝑢𝑘+1 𝑡 = 𝑢𝑘 𝑡 + 𝜌𝑘
∗𝐿𝑡𝑒𝑘(𝑡 + 1)

Iterative update scheme with optimal gain

Recursive calculation

𝑓 𝜌𝑘
∗ ≜ 1 − 𝜌𝑘

∗𝜗 𝔼 𝑽𝑘 + 𝜌𝑘
∗ 2𝜛

= 1 − 𝜌𝑘
∗𝜗

2𝜌𝑘
∗𝜛

𝜗
+ 𝜌𝑘

∗ 2𝜛

=
2𝜌𝑘

∗𝜛

𝜗
− 𝜌𝑘

∗ 2𝜛

𝜌𝑘+1
∗ =

𝜗

2𝜛
𝔼 𝑽𝑘+1 =

𝜗

2𝜛
𝑓 𝜌𝑘

∗ = 𝜌𝑘
∗ 1 −

𝜗

2
𝜌𝑘
∗
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设计案例

Optimality Rate estimation

𝑳𝑘+1 = 1 − 𝛾𝑘𝜗 𝑳𝑘 + 𝛾𝑘
2𝜛

0 < 𝛾𝑘 ≤
2

𝜗

𝑳𝑘 ≥ 𝑳𝑘
∗

𝑳𝑘
∗  is generated by using the optimal gain 𝜌𝑘

∗

𝛾𝑘 = 𝛾𝑘−1 1 − 𝑎𝛾𝑘−1 , ∀𝑘 ≥ 1

0 < 𝛾0 <
1

𝑎

𝛾𝑘 > 0, 𝛾𝑘 → 0, 𝛾𝑘 ∼ 𝑘−1𝑎−1

𝜌𝑘
∗ ∼

2

𝑘𝜗
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仿真算例

Simulations
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Dong Shen, Niu Huo, Samer S. Saab. A probabilistically quantized learning control framework for networked linear systems. 

IEEE Transactions on Neural Networks and Learning Systems, vol. 33, no. 12, pp. 7559-7573, 2022.

参考文献

Hao Jiang, Xun He, Qijiang Song, Dong Shen. Decentralized learning control for large-scale systems with gain adaptation 

mechanism. Information Sciences, vol. 623, pp. 539-558, 2023.
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设计思想

➢ Early stage: constant gain for fast convergence

➢ Latter stage: decreasing gain for noise suppression

➢ How to determine a switching iteration adaptively?

 Signal-noise-ratio: for a large ratio, the tracking error may retain a same sign 

Iterative update scheme

𝑢𝑘+1 𝑡 = 𝑢𝑘 𝑡 + 𝜌𝑘𝐿𝑡𝑒𝑘(𝑡 + 1)

Target valueOutput value

Early stage Latter stage
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设计案例

System model

Learning control scheme

𝒚𝑘 = 𝑯𝒖𝑘 +𝑵𝑥𝑘 0 + 𝝃𝑘

𝒚𝑑 = 𝑯𝒖𝑑 +𝑵𝑥𝑑 0

𝒆𝑘 = 𝒚𝑑 − 𝒚𝑘 = 𝑯෥𝒖𝑘 − 𝝃𝑘

𝒖𝑘+1 = 𝒖𝑘 + 𝑠𝑘
−1𝑳𝒆𝑘

𝑠𝑘 = 𝑠𝑘−1 + 𝟏[𝒆𝑘
𝑇𝒆𝑘−1<0]

, 𝑘 ≥ 2

Reference

Error dynamics

A unified scheme

For noise-free system (constant)

For noisy system (random decreasing)

𝒖𝑘+1 = 𝒖𝑘 + 𝑳𝒆𝑘

𝒖𝑘+1 = 𝒖𝑘 + 𝑠𝑘
−1𝑳𝒆𝑘

𝑠𝑘
𝑘
→ ℙ(𝝃1

𝑇𝝃2 < 0)

lim
𝑘→∞

𝑠𝑘
𝑘
=
1

2If 𝝃𝑘 is symmetric about zero,

Probability description
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仿真算例

𝑠𝑘 ave 𝒆𝑘
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仿真算例

Adaptive gain vs. KF-based gain Iteration varying noise
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拓展设计
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参考文献

Dong Shen, Jian-Xin Xu. an iterative learning control algorithm with gain adaptation for stochastic systems. IEEE Transactions 
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设计思想

Energy contraction inequality

𝔼 𝑽𝑘+1 ≤ 1 − 𝜌𝑘𝜗 𝔼 𝑽𝑘 + 𝜌𝑘
2𝜛

➢ Only when the noise effect domains the tracking error 

that we switch the gain to a smaller one
…

…

Iteration axis

𝑘 = 1

𝑘 = 2

𝑘 = 𝑘0

𝑘 = 𝑘0 + 1

𝑘 = 𝑘0 + 2

𝑘 = 𝑘0 + 𝑘1

Same level, reduce gain

Same level, reduce gain

…

Input error

Accumulated noise drift Contracted initial input error
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设计案例

System model

𝒚𝑘 = 𝑯𝒖𝑘 +𝑵𝑥𝑘 0 + 𝝃𝑘

𝒚𝑑 = 𝑯𝒖𝑑 +𝑵𝑥𝑑 0

𝒆𝑘 = 𝒚𝑑 − 𝒚𝑘 = 𝑯෥𝒖𝑘 − 𝝃𝑘

Reference

Error dynamics

Iterative update scheme

𝒖𝑘+1 = 𝒖𝑘 + 𝜌𝑳𝒆𝑘

Derivations for optimal gain

෥𝒖𝑘+1 = ෥𝒖𝑘 − 𝜌𝑳𝒆𝑘

= 𝑰 − 𝜌𝑳𝑯 ෥𝒖𝑘 − 𝜌𝑳𝝃𝑘

Input errors

𝔼 ෥𝒖𝑘+1
2|ℱ𝑘 = ෥𝒖𝑘

𝑇 𝑰 − 𝜌𝑳𝑯 𝑇 𝑰 − 𝜌𝑳𝑯 ෥𝒖𝑘 + 𝜌2𝔼 𝑳𝝃𝑘
2

≤ 1 − 2𝜆2𝜌 + 𝜆1𝜌
2 ෥𝒖𝑘

2 + 𝜌2𝔼 𝑳𝝃𝑘
2

𝔼 ෥𝒖𝑘+1
2 ≤ 1 − 2𝜆2𝜌 + 𝜆1𝜌

2 𝔼 ෥𝒖𝑘
2 + 𝜌2𝜎𝜉

2

𝔼 ෥𝒖𝑘+1
2 ≤ 𝑞 𝜌 2𝔼 ෥𝒖1

2 +
𝜌2

1 − 𝑞 𝜌
𝜎𝜉
2

𝑞 𝜌 = 1 − 2𝜆2𝜌 + 𝜆1𝜌
2
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设计案例

Switching iteration

Event-triggering mechanism

Multi-stage gain sequence

𝑞 𝜌 𝐾 ෥𝒖1
2 >

𝜌2

1 − 𝑞 𝜌
𝜎𝜉
2

𝑞 𝜌 𝐾+1 ෥𝒖1
2 ≤

𝜌2

1 − 𝑞 𝜌
𝜎𝜉
2

𝐾 = min 𝑘 ∈ ℕ 𝑞 𝜌 𝑘+1 ෥𝒖1
2 ≤

𝜌2

1 − 𝑞 𝜌
𝜎𝜉
2

𝔼 ෥𝒖𝑘+1
2 ≤ 2𝑞 𝜌 𝐾𝔼 ෥𝒖1

2

𝔼1 = 𝔼 ෥𝒖1
2 𝐾𝑖 = min 𝑘 ∈ ℕ 𝑞 𝜌𝑖

𝑘+1𝔼𝑖 ≤
𝜌𝑖
2

1 − 𝑞 𝜌𝑖
𝜎𝜉
2

𝔼𝑖+1 = 2𝑞 𝜌𝑖
𝐾𝑖𝔼𝑖 𝜌𝑖 = 𝜌1𝜃

𝑖−1, 𝜌1 ∈ 0, 𝜌∗ , 𝜃 ∈ 0,1

𝜌𝑘 𝜌𝑘 = 𝜌1𝜃
𝑖−1, σ𝑗=1

𝑖−1 𝐾𝑗 < 𝑘 ≤ σ𝑗=1
𝑖 𝐾𝑗 , 𝑗, 𝑖, 𝑘 ∈ ℕ



沈栋 | 中国人民大学 | 复杂批次系统智能学习控制 of 40

多阶段增益

21

改进思想

Contraction coefficient

𝑞 𝜌 = 1 − 2𝜆2𝜌 + 𝜆1𝜌
2

𝑰 − 𝜌𝑳𝑯 𝑇 𝑰 − 𝜌𝑳𝑯 ≤ 1 − 2𝜆2𝜌 + 𝜆1𝜌
2 𝑰

Longitudinal stretch and transverse stretch parameters

ത𝑞 𝜌 = 1 − 2𝛼𝛽𝜆2𝜌 + 𝛼𝛽2𝜆1𝜌
2

1 < 𝛼 <
𝜆1

𝜆2
2 , 0 < 𝛽 < 1
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仿真算例

original

improved
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设计案例

Energy contraction inequality

𝔼 ෥𝒖𝑘+1
2 ≤ 1 − 𝜌𝑘𝜗 𝔼 ෥𝒖𝑘

2 + 𝜌𝑘
2𝜛

➢ Keeping a rapid descending trend

𝔼 ෥𝒖𝑘
2 − 𝔼 ෥𝒖𝑘+1

2

Stage 𝑙 Stage 𝑙 + 1

Maintaining current gain

Switching to next gain
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设计案例

Input update scheme

𝑠𝑘
𝑙 = 𝔼 ෥𝒖𝑘

𝑙 2
− 𝔼 ෥𝒖𝑘+1

𝑙 2

Multi-stage gain sequence

𝜌𝑘 𝜌𝑘 = 𝛾𝑙 , σ𝑖=1
𝑙−1 𝑘𝑖 < 𝑘 ≤ σ𝑖=1

𝑙 𝑘𝑖 , 𝑖, 𝑙, 𝑘 ∈ ℕ

𝒖𝑘+1
𝑙 = 𝒖𝑘

𝑙 + 𝛾𝑙𝒆𝑘
𝑙 , 𝑘 = 1,… , 𝑘𝑙

𝒖1
𝑙+1 = 𝒖𝑘𝑙+1

𝑙

Input error descending

𝑠1
𝑙+1 = 𝔼 ෥𝒖1

𝑙+1 2
− 𝔼 ෥𝒖2

𝑙+1 2

Switching condition

𝑠𝑘
𝑙 > 𝑠1

𝑙+1, 𝑘 = 1,2, … , 𝑘𝑙

𝑠𝑘𝑙+1
𝑙 < 𝑠1

𝑙+1

Switching iteration

𝐾𝑙 = min 𝑘𝑙 ∈ ℕ 𝑠𝑘𝑙+1
𝑙 < 𝑠1

𝑙+1

𝜌𝑘 𝜌𝑘 = 𝛾𝑙 , σ𝑖=1
𝑙−1𝐾𝑖 < 𝑘 ≤ σ𝑖=1

𝑙 𝐾𝑖 , 𝑖, 𝑙, 𝑘 ∈ ℕ
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实用版本

Upper bound of 𝔼 ෥𝒖𝑘
𝑙 2

𝔼 ෥𝒖𝑘+1
𝑙 2

≤ ഥ𝒖𝑘+1
𝑙 , ∀𝑙, 𝑘 = 1,2, … , 𝑘𝑙

ഥ𝒖1
1 = 𝔼 ෥𝒖1

1 2

ഥ𝒖𝑘+1
𝑙 = 𝑞 𝛾𝑙

𝑘ഥ𝒖1
𝑙 + 𝛾𝑙

2𝜎𝜉
2 ෍

𝑖=0

𝑖=𝑘−1

𝑞 𝛾𝑙
𝑖

ഥ𝒖1
𝑙+1 = ഥ𝒖𝑘𝑙+1

𝑙

Virtual input error descending

Ƹ𝑠1
1 = ഥ𝒖1

1 − ഥ𝒖2
1 = 1 − 𝑞1 𝔼 ෥𝒖1

1 2
− 𝛾1

2𝜎𝜉
2

Ƹ𝑠𝑘
𝑙 = ഥ𝒖𝑘

𝑙 − ഥ𝒖𝑘+1
𝑙 = 𝑞𝑙

𝑘−1 1 − 𝑞𝑙 ഥ𝒖1
𝑙 − 𝑞𝑙

𝑘−1𝛾𝑙
2𝜎𝜉

2

Ƹ𝑠1
𝑙+1 = ഥ𝒖1

𝑙+1 − ഥ𝒖2
𝑙+1 = 1 − 𝑞𝑙+1 ഥ𝒖1

𝑙+1 − 𝛾𝑙+1
2 𝜎𝜉

2

Switching iteration

𝐾𝑙 = min 𝑘𝑙 ∈ ℕ Ƹ𝑠𝑘𝑙+1
𝑙 < Ƹ𝑠1

𝑙+1

𝐾𝑙 = min ൝𝑘𝑙 ∈ ℕ| 𝑞𝑙
𝑘𝑙 ഥ𝒖1

𝑙 −
𝛾𝑙
2𝜎𝜉

2

1 − 𝑞𝑙

ൡ≤
1 − 𝑞𝑙+1 𝛾𝑙

2𝜎𝜉
2

(1 − 𝑞𝑙)(𝑞𝑙+1 − 𝑞𝑙)
−

𝛾𝑙+1
2 𝜎𝜉

2

𝑞𝑙+1 − 𝑞𝑙

ҧ𝜏𝑘 ҧ𝜏𝑘 = 𝛾𝑙 , σ𝑖=1
𝑙−1𝐾𝑖 < 𝑘 ≤ σ𝑖=1

𝑙 𝐾𝑖 , 𝑖, 𝑙, 𝑘 ∈ ℕ
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改进版本

Longitudinal and transverse stretch parameters

෤𝑞 𝛾 = 1 − 2𝛼𝛽𝜆2𝛾 + 𝛼𝛽2𝜆1𝛾
2

1 < 𝛼 <
𝜆1

𝜆2
2 , 0 < 𝛽 < 1

Unified framework

ഥ𝒖1
1 = 𝔼 ෥𝒖1

1 2

ഥ𝒖𝑘+1
𝑙 = ෤𝑞 𝛾𝑙

𝑘ഥ𝒖1
𝑙 + 𝛾𝑙

2𝜎𝜉
2 ෍

𝑖=0

𝑖=𝑘−1

෤𝑞 𝛾𝑙
𝑖

ഥ𝒖1
𝑙+1 = ഥ𝒖𝐾𝑙+1

𝑙

Ƹ𝑠1
1 = ഥ𝒖1

1 − ഥ𝒖2
1 = 1 − ෤𝑞1 𝔼 ෥𝒖1

1 2
− 𝛾1

2𝜎𝜉
2

Ƹ𝑠𝑘
𝑙 = ഥ𝒖𝑘

𝑙 − ഥ𝒖𝑘+1
𝑙 = ෤𝑞𝑙

𝑘−1 1 − ෤𝑞𝑙 ഥ𝒖1
𝑙 − ෤𝑞𝑙

𝑘−1𝛾𝑙
2𝜎𝜉

2

Ƹ𝑠1
𝑙+1 = ഥ𝒖1

𝑙+1 − ഥ𝒖2
𝑙+1 = 1 − ෤𝑞𝑙+1 ഥ𝒖1

𝑙+1 − 𝛾𝑙+1
2 𝜎𝜉

2

𝐾𝑙 = min ൝𝑘𝑙 ∈ ℕ| ෤𝑞𝑙
𝑘𝑙 ഥ𝒖1

𝑙 −
𝛾𝑙
2𝜎𝜉

2

1 − ෤𝑞𝑙

ൡ≤
1 − ෤𝑞𝑙+1 𝛾𝑙

2𝜎𝜉
2

(1 − ෤𝑞𝑙)(෤𝑞𝑙+1 − ෤𝑞𝑙)
−

𝛾𝑙+1
2 𝜎𝜉

2

෤𝑞𝑙+1 − ෤𝑞𝑙
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仿真算例
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设计思想

1 2 4

A
cross dim

ensions of vectors

3

1 2 43

1 2 43

1 2 43

⋮ ⋮ ⋮

➢ Enlarge the step size when update direction is 

consistent acrossing two iterations to speed up 

during the early iterations
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设计案例

System model

𝒚𝑘 = 𝑯𝒖𝑘 +𝑵𝑥𝑘 0 + 𝝃𝑘

𝒚𝑑 = 𝑯𝒖𝑑 +𝑵𝑥𝑑 0
Reference

Iterative update scheme (constant gain)

𝒖𝑘+1 = 𝒖𝑘 + 𝜌𝑯𝑇𝒆𝑘

Iterative update scheme (decreasing gain)

𝒖𝑘+1 = 𝒖𝑘 + 𝜌𝑘𝑯
𝑇𝒆𝑘

Iterative update scheme (adaptive gain)

𝒖𝑘+1 = 𝒖𝑘 +
𝜃

𝜂𝑘
𝑯𝑇𝒆𝑘

𝜂𝑘 = 𝜂𝑘−1 + 𝕀 𝒆𝑘−1
𝑇 𝒆𝑘<0

Iterative update scheme (novel matrix gain)

𝒖𝑘+1 = 𝒖𝑘 +
𝜃

𝜂𝑘
𝑷𝑘𝑯

𝑇𝒆𝑘

𝑷𝑘 = 𝑁0

𝑝𝑘(1) 0 ⋯ 0
0 𝑝𝑘(2) ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑝𝑘(𝑁0)

0 ≤ 𝑝𝑘 𝑖 ≤ 1, 𝑝1 𝑖 = 1/𝑁0, 𝑖 = 1,2, … , 𝑁0

𝑝𝑘 𝑖 = 𝛼𝑝𝑘−1 𝑖 + 1 − 𝛼 𝜆𝑘 𝑖

𝜆𝑘 𝑖 = ൞

1/𝑁0, 𝑯
𝑇𝒆𝑘−1 𝑖 𝑯𝑇𝒆𝑘 𝑖 ≤ 0

1/𝑚𝑘, 𝑯
𝑇𝒆𝑘−1 𝑖 𝑯𝑇𝒆𝑘 𝑖 > 0

1/𝑁0, 𝑚𝑘 = 0

𝑚𝑘 = # 𝑖 𝑯𝑇𝒆𝑘−1 𝑖 𝑯𝑇𝒆𝑘 𝑖 > 0
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设计案例

Constant gain Decreasing gain

Adaptive gain Novel matrix gain
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仿真算例

Adaptive gain

Novel matrix gain
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设计思想

Operation interval

error

large error

small error

➢ Adjust the update intensity according to the error 

magnitude to ensure a uniform convergence of 

the tracking errors acrossing different time instants 

over the whole operation interval
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设计案例

System model

𝒚𝑘 = 𝑯𝒖𝑘 +𝑵𝑥𝑘 0 + 𝝃𝑘

𝒚𝑑 = 𝑯𝒖𝑑 +𝑵𝑥𝑑 0

𝒆𝑘 = 𝒚𝑑 − 𝒚𝑘 = 𝑯෥𝒖𝑘 − 𝝃𝑘

Reference

Error dynamics

Iterative update scheme

𝒖𝑘+1 = 𝒖𝑘 + 𝜌𝑘𝑳𝒆𝑘

Error-based weighting mechanism

𝒆𝑘 = 𝒆𝑘 1 , 𝒆𝑘 2 , ⋯ , 𝒆𝑘 𝑚 𝑇 ∈ ℝ𝑚

𝒁𝑘 = diag{𝑧𝑘,1 𝑧𝑘,2 ⋯ 𝑧𝑘,𝑚}

𝑧𝑘,𝑖 = 𝑚
𝒆𝑘 𝑖 𝑝

𝒆𝑘 𝑝
𝑝 , 𝑖 = 1,2, … ,𝑚, 𝑝 > 0

Modified iterative update scheme

𝒖𝑘+1 = 𝒖𝑘 + 𝜌𝑘𝑳𝒁𝑘𝒆𝑘
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改进思想

➢ Avoid the negative influence of extreme values

𝛽

𝛼

𝛽

𝛼

Saturation mapping

𝑺𝛼
𝛽
𝑐 = ቐ

𝛼, 𝑐 < 𝛼
𝑐 , 𝛼 ≤ 𝑐 ≤ 𝛽

𝛽, 𝑐 > 𝛽
𝑺𝛼
𝛽
𝒄 =

𝑺𝛼
𝛽
𝑐1
⋮

𝑺𝛼
𝛽
𝑐𝑚

𝑾𝑘 = diag{𝑤𝑘,1 𝑤𝑘,2 ⋯ 𝑤𝑘,𝑚}

𝑧𝑘,𝑖 = 𝑚
𝑺𝛼
𝛽
𝒆𝑘 𝑖

𝑝

𝑺𝛼
𝛽
𝒆𝑘

𝑝

𝑝 , 𝑖 = 1,2, … ,𝑚, 𝑝 > 0

Modified iterative update scheme

𝒖𝑘+1 = 𝒖𝑘 + 𝜌𝑘𝑳𝑾𝑘𝒆𝑘

𝑤𝑘,𝑖 ∈
𝑚𝛼𝑝

𝛼𝑝 + 𝑚 − 1 𝛽𝑝
,

𝑚𝛽𝑝

𝛽𝑝 + 𝑚 − 1 𝛼𝑝
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仿真算例
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仿真算例
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最优增益
Optimal Gain

矩阵增益
Matrix Gain

多阶段增益
Multistage Gain

自适应增益
Adaptive Gain

Optimizing a gain-based performance index

Switching from constant gain to decreasing one via error information

Using stage-wise gain to balance input error effect and noise effect

Establishing element-wise adjustment of the tracking error
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