2. Variable Gain Design
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Plant model Error dynamics
X, (6 + 1) = Apxg (0) + Bpug (8) + wi (¢ + 1) €x =Ya — Yk = Hi + &
Vi (t) = Cexp(t) + vy (t) U, = ug —uy

$k = Gwy + v, ~N(0,Q)
Lifting Transformation

Yi = Huk + ka(()) + GWk + Vi,

C,B, 0 .0

Ho| GABoe  GBi 0

CLATIBy  CuABIBy - CuBpy
Reference

Ya — Hud + Nxd(O)

Identical initialization
x,(0) = x4(0)
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lterative update scheme Error dynamics
Ups1(8) = w(t) + pLeep(t + 1) e, =Yq— Y = Hu, + &,
A 4 Up = Ug — Uy
Up+1 = Ug + pley $k = Gwp + v, ~NV(0,Q)

L= diag{Lo, Ll' ---»Ln—l}
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Input error dynamics

Upyy = (I — pLH)U) — pLSy

Error boundedness

Ellfix+11* = EII(I — pLH) Uy ||* + EllpL&;
< A (I = pLH)T(I — pLH))E|
< A (I = pLH)T(I — pLH))E]|

>

2

U ll* + EllpLE|1*
Ul + p2 1 (LTL) A1 (Q)

P2 m(LTL) 21 (Q)

lim sup E||2,]|? <
k—o0

1 — (I = pLH)T(I — pLH))

Constant gain — decreasing gain

Vanishing to zero to suppress the noise effect

<

Vanishing slowly to ensure sufficient learning
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Stochastic Approximation idea
U1 () = ur (¢) + pLeep(t + 1)

Conditions on stepsize (gain)

\ 4 oo .
— g 2
. L Z Pk = 0, Pk <
Up+1 = U + Pr L€y k=1 k=1

-
-,

-~ Sufficientlearning -~ Noise effect suppression
e e

Elltigs1 112 < A (I = pp LH)T(I — pi LH) ) E||% |12 + pg A (LTL) 2, (Q)
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Mean-squared input error contraction

Ellti 1112 < 2 (I — pLH)T (I — pLH))E||% |12 + p?2A,,,(LTL)2,,(Q)

< (1 - pO)E|||? + p? 1 (LTL)2,,(Q)
>

~,
~S
~.
~
~-
~——

View as a function f(p) of p

» Minimize f(p) to find an optimal selection of p

af (p)

5y = VI’ + 292 (L7L) 2 (@)

» Itis actually a suboptimal selection as the function is an approximation

» Optimal (suboptimal) gain p is iteration varying and dependent on the input energy
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lterative update scheme lterative update scheme with optimal gain

U1 () = up(t) + prleer(t + 1) U1 (8) = ur(t) + prleex(t+ 1)
Derivations for optimal gain Recursive calculation

E[Vis1] < (1 — pDE[V,] + piw flop) & (1 = ppDEV,] + (pj)*w

Vk - ﬁg@ﬁk 2 *
= (1 — ppY) g + (pp) @
Performance index function
2 _ 2T ey
flpx) £ (1 — pOE[V,] + piw 9 Pk
T = —9E[V,] + 2p,@ Picr1 = 5 ElViral = o= f(pp) = pr (1 = 5 pic
. )
pr = s—E[Vi]

2@
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Optimality Rate estimation
Ly, = A=y 9L, + yfw Vi = Vi1 (1 —ayp—1), Vk = 1
2 0<yy< -
0< Vi < — Yo a
V)
h 4
A 4
Vi > 0,¥k = 0,7, ~k~ta™!
Le>L
L}, is generated by using the optimal gain p,,
2
Pr ~ )
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Simulations
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_ Dong Shen, Niu Huo, Samer S. Saab. A probabilistically quantized learning control framework for networked linear systems.

—1 IEEE Transactions on Neural Networks and Learning Systems, vol. 33, no. 12, pp. 7559-7573, 2022.

- Hao Jiang, Xun He, Qijiang Song, Dong Shen. Decentralized learning control for large-scale systems with gain adaptation

—1 mechanism. Information Sciences, vol. 623, pp. 539-558, 2023.
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lterative update scheme

Upr1 () = up(t) + prLeey(t + 1) Early stage Latter stage
- @& — @ o0
» Early stage: constant gain for fast convergence A A
Outpui‘ value Targef value

» Latter stage: decreasing gain for noise suppression

> How to determine a switching iteration adaptively?

= Signal-noise-ratio: for a large ratio, the tracking error may retain a same sign
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System model A unified scheme
Yr = Huy + Nxi (0) + &

For noise-free system (constant)

Reference U1 = U, + Ley,
Ya — Hud + Nxd(O)

For noisy system (random decreasing)

Error dynamics Upyq = Uy + S Ley,
ey =Yaq — Y = Hy — &,

Probability description
Learning control scheme {

— -1
Uy = U, + S, Leyg

- PETE, < oﬂ

k=2 e 1
f € is symmetric about zero, lim -~ =~

Sk = Sie—1 F el <op
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Sk ave ey,
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Adaptive gain vs. KF-based gain lteration varying noise
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Dong Shen, Jian-Xin Xu. an iterative learning control algorithm with gain adaptation for stochastic systems. IEEE Transactions
on Automatic Control, vol. 63, no. 3, pp. 1280-1287, 2020.

Hao Jiang, Dong Shen, Shunhao Huang, Xinghuo Yu. Accelerated learning control for point-to-point tracking systems. IEEE
Transactions on Neural Networks and Learning Systems, vol. 35, no. 1, pp. 1265-1277, 2024.

Dong Shen, Samer S. Saab. Noisy output based direct learning tracking control with Markov nonuniform trial lengths using
adaptive gains. IEEE Transactions on Automatic Control, vol. 67, no. 8, pp. 4123-4130, 2022.

Xun He, Dong Shen. Distributed iterative learning temperature control for large-scale buildings. International Journal of
Robust and Nonlinear Control, vol. 33, no. 7, pp. 4210-4227, 2023.
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Energy contraction inequality Input error
E[Vii1] < (1 = p9)E[V,] + piw oo B \
Accumulated noise drift  Contracted initial input error
A 4 A 4 |
: : : o . o k=1
» Only when the noise effect domains the tracking error
that we switch the gain to a smaller one ¢ ¢ ¢ k=2
. . . k =k
Same level, reduce gain
o ° . k - kO + 1
® . o k = kO + kl
Same level, reduce gain i

lteration axis
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System model Derivations for optimal gain
Yie = Huy + Nx (0) + & E[ll#ix+1112|1Fi] = 55U — pLH)TU — pLH)Ay, + p2El|LE |12
Reference < (1 =250 + 2102 |W || + p2E||LE,|I2

Ya = Hugz + Nx4(0)
A 4

Error dynamics _ _
ElllTik+1 1171 < (1 — 2220 + 4102 E[l|T1?] + p?0f

ex =Ya—Yr = Hu, — &

A 4
lterative update scheme

U1 = U + pley E[llTtx+1117] < q(e)*E[ T, [I1*] +

p?

2
(0}
1—q(p) *

q(p) =1 —22;p + 4,p°

Input errors

Upy1 = U, — pley,

= (I — pLH)W; — pL$;
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Switching iteration

(> 1 02 K = min{k € Nlgp) I < 2ot
Q)<+l 17 < - _”;(p) o2 Elllk41117] < 2q(0)¥E[|y]|2]
Event-triggering mechanism ,
A | DA K; = min {k € N‘qm)kﬂml <1y ag}
Ei+1 = 2q(p)"E; pi = p16*~1,p; € (0,p%),0 € (0,1)

Multi-stage gain sequence

[{pklpk— p1 0L YIIK <k <Y, ]']'lkEN}]
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Contraction coefficient
q(p) =1 —22p + A;p?
--------- > (I—pLH)T(I — pLH) < (1 —224,p + 2,p?)I

Longitudinal stretch and transverse stretch parameters

q(p) = 1= 2afAp + af?Ap?

A
1<a<i?0<ﬁ<1
2
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original

improved
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Energy contraction inequality
E[lltix4+1112] < (1 — pe®)E[llU|12] + piw

» Keeping a rapid descending trend

/Maintaiéﬂng current gain
E[l]?] - Elleedl?]
WY
Switching to next gain ¢ \:\::
Stage ! Stage | + 1
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Multi-stage gain sequence

okl =viXisiki <k < ¥i_y ki, i, 1k € N}

Input update scheme Switching condition
u;c+1 = uil!c + Vle;c'k =1,...k s,l{ >sitl k=12, ..,k
uitt = u§q+1 Sllq+1 <sitt

Input error descending Switching iteration

sk = E|[[ak])"| - E [l )

K, = mln{kl € N|sj, 44 < Sl+1}
st = E [[|at )| - e [ flag ||

v

el =V 221K <k < X1, K;,i, 1k € N}
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Upper bound of E “|ﬁ§<||2]

Switching iteration

E[[[ia]|”] < Whor, VI K =12, ., K,

ol = E [”ﬁ1”2] K, = min{kl €N

Al al+1
Ski+1 < S1 }

i=k—-1

—1 k=1 2 2 i v
U1 = qy) u; +y; O¢ z q(y1) szggz
141 _ =0 Kl = min kl € Nl qlkl ﬁl — 1 — )
u1+ — ukl+1 ql
Virtual input error descending (1-— CI1+1))/12052 )/12+10§2
A — — ~1 12 = —
st =ut —uh = (1 - qE [|[ad]"| - y2o? 1= a)@1— @) due1 —

al _ =l _ =l _ k-1 —1 k—-1.2 2
Sk=Up — U =q; A—qlus—q; v O¢

= |+ -1 l .
3 o - - Te|Tk =V 2ic  Ki <k <Yi1K;,i,Lk €N
S]l_+1 — u§+1 . u12+1 — (1 _ CI1+1)ul1+1 _ y12+10_€2 { | l l i i }
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Longitudinal and transverse stretch parameters Unified framework

u; = E [Ilﬁlllzl

G(y) = 1-=2aBAy + aB’Ay? i=k—1
A Wyy = 00T +7P0E ) a0
l<a<—=,0<pB<1 _ _ =0
/1% uﬁll+1 = u’ll'(l+1

~ _ _ - _~1 12
St =u;—u; =(1-G)E [”u1” ] - V12052
=W — Wiy = 7 A - g — G vl of

Al41 _ 2=l+1 =l _ ~  Vapl+1 2 2
17 =ur —uy = (1 -Gy )uy - Yi+10¢

2 2
Yio
Kl:min{klENW[lkl(ﬁi— l "i)
2

__A-@uyiof  viaof
A -4+ —G)  Gi+1— G

IR | FEARKE | ERHMR ARG R e S H]



W ZSMERIEER o (vEE

ks | AR A | B 2R RO AL



W» ZMEIEEE o sexw

_ Xiang Cheng, Hao Jiang, Dong Shen, Xinghuo Yu. A novel adaptive gain strategy for stochastic learning control. IEEE

=1 Transactions on Cybernetics, vol. 53, no. 8, pp. 5264-5275, 2023.

_ Xiang Cheng, Hao Jiang, Dong Shen. A novel accelerated multistage learning control mechanism via virtual performance

=1 reduction. IEEE Transactions on Neural Networks and Learning Systems, vol. 35, no. 5, pp. 6338-6352, 2024.
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TRl 0@
» Enlarge the step size when update direction is ———— )@( - ﬁ’/ - ﬁ/ — @
consistent acrossing two iterations to speed up B
during the early iterations o o —— © eo

~ SI0JO9A JO SUOISUSWIP SSOLY
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System model lterative update scheme (novel matrix gain)
Yk = Huy, + Nx, (0) + &

— T
Ugsr = U + —PH e

Nk
Reference N 0 0
: , Py = Ny . pk. . .
lterative update scheme (constant gain) : : - :
Uy, = U + pH ey | 0 0 - Pr(No).
lterative update scheme (decreasing gain) 0 <pp() <1,p(i) =1/Ny,i =12,..,Ng
W = Uy + pH ey pr(Q) = apyr_1(0) + (1 — a) A4 (i)
lterative update scheme (adaptive gain) (1/N [HTek ](i)[HTek](i) <0
0 . 0 -1 S =
Uy =U, +—H'ey, (D) = 1/my, [H e,_1]1()[H"e,](0) > 0
M  1/No,my. =0

Me = M1+ N[l e, <o] | | |
my = #{i|[H e_, () [HT e, ] (i) > 0}

———————————————————— GHR|PEARKE | ERXMREGEREZITE ———————————————————————
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Constant gain

Adaptive gain Novel matrix gain
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Novel matrix gain

Adaptive gain
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error

> Adjust the update intensity according to the error large error
maghnitude to ensure a uniform convergence of
the tracking errors acrossing different time instants
over the whole operation interval

Operation interval
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System model Error-based weighting mechanism
Yr = Huy + Nxi (0) + & e, = ex(1), er(2), -, er(m)]’ € R™
Z, = diag{2k1 Zk2 " Zkm}
Reference le,(D)|P |
yd:Hud-|—Nxd(O) zk’i=m—p, 1=1,2,..,m, p>0
lell?
Error dynamics
ex =Ya—Yr = Hu, — & Modified iterative update scheme

U1 = U + prlZy ey
lterative update scheme
U1 = U + prleg
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» Avoid the negative influence of extreme values

Saturation mapping

a, J|c|<a sE(cy) B
Py ={lcl, a<lcl<B SE(e) = :

B, el >B SE (cm)
W, =diag{Wk1 Wk2 ' Wikm} ¢

(sf”(ek(i)))p
Zp;=m - , i=1,2,..,m, p>0
L st
g B

Modified iterative update scheme

Uptq = U + ppLWiey
maP mpP
aP + (m—1)BP ' BP + (m — 1)aP

Wk,i € [
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_ Xiang Cheng, Hao Jiang, Dong Shen, Xinghuo Yu. An accelerated adaptive gain design in stochastic learning control. IEEE

=1 Transactions on Cybernetics, vol. 54, no. 12, pp. 7416-7429, 2024.

_Dy Zeyi Zhang, Dong Shen, Hao Jiang, Samer S. Saab, Xinghuo Yu. Noisy error-adaptive weighting strategy for accelerating ILC in
=1 discrete-time systems. IEEE Transactions on Cybernetics, vol. 55, no. 8, pp. 3935-3947, 2025.
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= WACETT
Eiﬂﬂiaﬁ Optimizing a gain-based performance index
Optimal Gain

: B
E Et_‘r-‘lgli_lﬁ Switching from constant gain to decreasing one via error information
aptive Gain

A EDjeh
gl;" Eitﬁﬁ Using stage-wise gain to balance input error effect and noise effect
Multistage Gain

AEPEIEA " o 2 |
= Establishing element-wise adjustment of the tracking error

Matrix Gain

— S
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